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Abstract

This paper presents a seriesexpansion for the evolution of a classof nonlinear systemscharacterized by constant input vector
¯elds. We present a seriesexpansion that can be computed via explicit recursive expressions,and we derive su±cient conditions
for uniform convergenceover the ¯nite and in¯nite time horizon. Furthermore, we present a simpli¯ed seriesand convergence
analysis for the setting of secondorder polynomial vector ¯elds. The treatment only relies on elementary notions on analytic
functions, number theory, and operator norms.
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1 In tro duction

This papers studies seriesexpansionsfor the evolution
of a class of nonlinear control systems. Seriesexpan-
sionsare an enabling tool in tra jectory generation and
optimization problems, e.g., see La®erriere and Suss-
mann [18], Leonard and Krishnaprasad [19], Rui et al.
[24], and the author's work [5]. Furthermore, seriesex-
pansionsplay a key role in the study of su±cient and
necessaryconditions for local nonlinear controllabilit y;
seeKawski [12], and in other areassuch asgeometricin-
tegration; seeMcLachlan et al. [22], and realization the-
ory; seeIsidori [10, Section3.4 and 3.5].

Volterra seriesand other types of expansionshave re-
ceivedmuch attention in the literature. Someearly work
includes the Magnus [21] and Chen [6] series.Volterra
series were then studied in Brockett [2], Bruni et al.
[3], Gilb ert [9], Lesiak and Krener [20]. Fliess [7] later
provided a comprehensive treatment of what is now
known as the Chen-Fliessseries.Motiv ated by control-
labilit y and normal form theory, Kawski and Sussmann
[13] obtained increasingly sophisticated versionsof the
Chen-Fliess series. In a related line of research, the
two textb ooks Rugh [23] and Schetzen [27] focus on
the input/output representation of nonlinear systems
via series expansions. Some advanced results within
this context are found in Sandberg [25] and Boyd and
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Chua [1]. Theseworks and this work's contribution are
comparedbelow.

The main contributions of this paper are novel series
expansionsfor nonlinear control systemsdescribed by
smooth ordinary di®erential equationslinear in control.
The model system we consider is described by the dif-
ferential equation

_x(t) = f (x(t)) + B u(t);

where the vector ¯eld f is analytic, the matrix B be-
longs to Rn £ m , and the components (u1; : : : ; um ) of the
control u arepiecewisecontinuousfunctions of time. We
call such analytic systemslinear in control. For this class
of nonlinear systemswe present a seriesexpansionthat
can be computed via explicit recursive expressions.Ad-
ditionally , we present a simpli¯ed seriesassuming the
components of f are polynomial of ¯rst and secondde-
gree. The presentation and derivation rely only on el-
ementary tools and the ¯nal seriesappear in a format
similar but not identical to the classicVolterra format.

The convergenceproperties for the seriesare character-
izedvia asymptotic boundson the truncation error. The
seriesexpansion convergesuniformly over the in¯nite
time horizon provided the linearized systemis exponen-
tially stable (i.e., the Jacobian linearization of the drift
vector ¯eld at the origin is a Hurwitz matrix) and the
input norm is bounded by a computable constant. Al-
ternativ ely, for an arbitrary input, the seriesis guaran-
teed to convergeover a computable ¯nite time interval.
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Theselimitations are similar to the onespresent in per-
turbation and averagingmethods in dynamical systems
theory, e.g.,seeKhalil [14, Section8.2] and Sandersand
Verhulst [26, page71].

The presentation is organized as follows. We start by
comparing the novel seriesexpansionswith several pre-
vious approaches.Section2 reviewssomebasic facts on
operator norms. Section 3 discussesthe setting of ana-
lytic systemslinear in control while Section 4 discusses
the special caseof polynomial systemsof secondorder.
A ¯nal discussionis presented in Section5.

Comparison with Volterra and Chen-Fliessexpansions

For a review of Chen-Fliessand Volterra serieswe refer
to Chapter 3, and to the Bibliographical Notes in Isidori
[10], and to the survey in Fliess et al. [8]. Many of the
following comments are inspired by theseworks.

Volterra series It is known that bilinear systems
admit explicit expressionsfor the Volterra kernels.
Becausethe Carleman linearization proceduretrans-
forms a generic nonlinear control system into a bi-
linear system, seeRugh [23, Section 3.3] and Krener
[17], explicit expressionsfor the kernelsof any nonlin-
ear system are theoretically available. However, the
Carleman linearization technique has various disad-
vantages.First of all, the proceduregeneratesa high
dimensionalsystemwhich only approximates the cor-
rect dynamics;seethe discussionin Rugh [23, Section
3.2]. Furthermore, only weaker convergenceproper-
ties are presented in the treatments [17, 23] than the
onesprovided in this work, seeTheorem 3.1 below.

For generic analytical systems,Lesiak and Krener
[20] give explicit (not recursive) expression for the
Volterra kernels under the assumption that the °ow
map of the drift vector ¯eld is available. From manip-
ulations of the Chen-Fliessseries(seebelow), onecan
derive the seriesexpansionsfor thesekernels.To the
best of the author's knowledge, no explicit or recur-
sive expressionsare currently available.

Chen-Fliess series This is arguably the most success-
ful approach to writing the evolution of anonlinearan-
alytic control system,seeFliess[7] and Fliesset al. [8].
Remarkably, the terms of the Chen-Fliessexpansion
are explicitly known. Modi¯ed versionsof the Chen-
Fliess expansionare proposedby Sussmann[28] and
later by Kawski and Sussmann[13].

With respect to the work presented here,the Chen-
Fliessexpansionis more explicit (i.e., we only provide
recursive expressions),and more general (i.e., we re-
quire systemslinear in control). On the other hand,
our serieshas a similar interpretation to the Volterra
series:the kth term hasorder k with respect to the in-
put magnitude, e.g., the ¯rst order term has the con-
ventional interpretation of being the responseof the
linearizedsystem.Additionally , the serieshasstronger

convergenceproperties than the Chen-Fliess series,
e.g., convergenceover the in¯nite time horizon.

Wiener/V olterra systems represen tation Finally,
it is worth mentioning the input/output approach. In
this context, models of nonlinear systemsare based
on input-output operators, seefor examplethe treat-
ment in Boyd and Chua [1] and the textb ooks Rugh
[23], Schetzen[27]. Under a \fading memory" assump-
tion, Boyd and Chua [1] obtain convergenceproperties
over the in¯nite time horizon. This fading memory
assumption is consistent with the stabilit y require-
ments of this work and of the classic perturbation
methods from dynamical systemstheory, see[14, 26].

2 Preliminaries

Elementary number theory concepts

We refer the reader to [15, 29] for a basic intro duction
into the subject of generating function. We will only
quickly review somespeci¯c notions when neededhere.

Let N be the set of positive integer numbers, R the
set of real numbers, and C the set of complex num-
bers. Let k 2 N, and let P(k) be the set of or-
dered partitions of k. For example, P(3) is the collec-
tion ff 3g; f 2; 1g; f 1; 2g; f 1; 1; 1gg. The set P(k) con-
tains 2k ¡ 1 elements. 2 Let P(i; j ) be the set of ordered
sequencesof j integers that sums up to i , and let
P(k) ¡ f kg be the set P(k) minus the element f kg.

The initial valueproblemand various Taylor expansions

Let x take value in Rn and let t belong to an interval
I : the ¯nite time case, i.e., I = [0; T], as well as the
in¯nite time horizon case,i.e., I = [0; 1 ), areof interest.
Consider the initial value problem

_x(t) = f (x(t)) + g(t) (1)
x(0) = 0;

where f and g are vector ¯elds on Rn . The compo-
nents f f 1; : : : ; f n g of f are analytic functions in a neigh-
borhood of the origin 0 2 Rn , and the components
f g1; : : : ; gn g of g are independent of x and piecewise
continuous,uniformly boundedfunctions of time t. The
initial value problem (1) is thought of as a control sys-
tem by setting g(t) = B u(t), where B 2 Rn £ m , and
u = (u1; : : : ; um ). Since the input vector ¯eld doesnot
depend on x, we refer to this systemaslinear in control.

2 Consider the (k ¡ 1) possible vertical lines separating k
aligned points. There are 2k ¡ 1 possible vertical line con¯g-
urations and each corresponds to an ordered partition.
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Let f (0) = 0, and for i = 1; : : : ; n, develop the functions
f i in a Taylor expansionabout the origin via

f i (x) =
+ 1X

m =1

X

j 1 + ¢¢¢+ j n = m
j 1 ;:::;j n ¸ 0

1
j 1! ¢¢¢j n !

Ã
@m

@x j 1
1 : : : @x j n

n
f i (0)

!

x j 1
1 ¢¢¢x j n

n :

Equivalently , let f i (x) =
P + 1

m =1 f [m ]
i (x; : : : ; x), where

the tensors f [m ]
i : Rn £ : : : £ Rn

| {z }
m

! R, for m 2 N, are

computed according to

f [m ]
i (y1; : : : ; ym )

=
nX

k1 ;:::;k m =1

1
m!

µ
@m

@xk1 : : : @xkm

f i (0)
¶

(y1)k1 ¢¢¢(ym )km

=
nX

k1 ;:::;k m =1

³
f [m ]

i

´ k1 ::: km

(y1)k1 ¢¢¢(ym )km :

In the last equation, the vectorsy1; : : : ; ym belongto Rn ,
and the symbol (yj )k denotesthe kth component of yj .
Thesede¯nitions are readily repeated in vector format
for the vector ¯eld f by neglectingthe subscript i . It will
be convenient to adopt the notation Ax = f [1] (x).

Remark 2.1 (i) The setting of systemslinear in con-
trol asin equation (1) is not overly restrictive. If the
forcing term g is a function of both time and state,
i.e., g = g(t; x), a changeof coordinates might re-
movethe dependencyon x; the necessaryand su±-
cient condition for the existence of this transforma-
tion is the involutivity of thedistribution f g(t; ¢); t 2
R+ g. It is also possibleto extendthe state space by
adding integrators to the control inputs via _u = v.
If x(0) 6= 0 or if f (0) 6= 0, it might be possibleto
rede¯ne f and g to match the systemde¯nition in
equation (1).

(ii) The sequence of tensors f f [m ]; m 2 Ng uniquely
determinesthe Lie algebraic structure at the origin
of the control systemin equation (1). For example,
one can see that

1
2

[g(t2); [g(t1); f (x)]]
¯
¯
¯
x =0

= f [2] (g(t1); g(t2)) :

Operator norms and their estimates

In de¯ning mapping and norms we follow the notation
in [14, Chapter 6]. Considerthe normed linear spaceL n

1
of piecewisecontinuous, uniformly bounded functions
over the interval I

x : I ½ R+ ! Rn ; t 7! x(t);

with norm

kxkL 1
= sup

t 2 I
kx(t)k1 = sup

t 2 I
max

i =1 ;:::;n
jx i (t)j < 1 :

Assumethe matrix A is Hurwitz or that the interval I
is ¯nite, and let HA be the mapping

HA : L n
1 ! L n

1 ; x(t) 7!
Z t

0
eA (t ¡ ¿) x(¿)d¿:

The L n
1 induced norm for HA is

kHA kL 1
=

°
° eAt

°
°

L 1
= max

i =1 ;:::;n

nX

j =1

Z

t 2 I
j(eAt ) ij jdt:

Next, we considerthe vector ¯eld f and its derived ten-
sors f [m ]. For simplicit y we start by considering the 2-
tensor f [2] : L n

1 £ L n
1 ! L n

1 de¯ned via

(x(t); y(t)) 7! f [2] (x(t); y(t)) :

and de¯ning its induced norm
°
° f [2]

°
°

L 1
via

°
°
° f [2]

°
°
°

L 1

= max
ky1 kL 1

=1
ky2 kL 1

=1

°
°
° f [2] (y1; y2)

°
°
°

L 1

· max
i =1 ;:::;n

nX

k1 ;k 2 =1

j(f [2]
i )k1 k2 j: (2)

More generally, weexaminethe m-tensorf [m ] and de¯ne
its induced norm via
°
°
° f [m ]

°
°
°

L 1

= max
ky j kL 1

=1
j =1 ;:::;m

°
°
° f [m ](y1; : : : ; yj )

°
°
°

L 1

· max
i =1 ;:::;n

nX

k1 ;:::;k m =1

¯
¯
¯
¯

³
f [m ]

i

´ k1 :::k m
¯
¯
¯
¯

= max
i =1 ;:::;n

nX

k1 ;:::;k m =1

1
m!

¯
¯
¯
¯

@m

@xk1 : : : @xkm

f i (0)

¯
¯
¯
¯ :

Note that the estimates on the norm of the mappings
are only upper bounds whenever m ¸ 2. For example,
considerthe 2-tensor f [2]

¡
(x1; x2); (y1; y2)

¢
= (¡ x1y1 +

x2y2 + x1y2 + x2y1; 0) de¯ned over L 2
1 . Its L 1 -norm

is 2, whereasthe estimate presented in equation (2) is 4.

An upper bound on the operator norm
°
° f [m ]

°
°

L 1
is pro-

vided by the Cauchyestimatesfor the Taylor seriescoef-
¯cient of an analytic function, see[16, Section2.3].Since
the vector ¯eld f is analytic at the origin, there exists a
½2 R+ such that f is analytic over the domain

D½ = f (z1; : : : ; zn ) 2 Cn j jzi j < ½g:
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We let kf k½ denotethe maximum value attained by the
magnitude of all components of f over D ½. For any col-
lection of nonnegative indicesj 1 + ¢¢¢+ j n = m, wehave

¯
¯
¯
¯
¯

@m

@x j 1
1 : : : @x j n

n
f i (0)

¯
¯
¯
¯
¯

·
j 1! ¢¢¢j n !

½m kf k½:

Conservatively bounding the right hand side by
(m!=½m ) kf k½, we have

°
°
° f [m ]

°
°
°

L 1

·
nX

k1 ;:::;k m =1

1
m!

j 1! ¢¢¢j n !
½m kf k½

·
1

½m kf k½

nX

k1 ;::: ;k m =1

1 =
µ

n
½

¶ m

kf k½:

Finally, given any scalar analytic function h of a scalar
variable ´ , we let RemainderM +1 (h)( ´ ) be its Taylor re-
mainder of order (M + 1) about ´ = 0, i.e., we write

h(´ ) =
MX

m =1

h(m ) (0)
m!

´ m + RemainderM +1 (h)( ´ ):

3 A series expansion

Let ² 2 R+ and considerthe initial value problem

_x(t; ²) = f (x(t; ²)) + ²g(t) (3)
x(0; ²) = 0;

where the solution x is a function of both t 2 I and ² 2
R+ . There is no lossof generality in assumingkgkL 1

=
kf k½, since the constant ² can be rede¯ned. Recall the
notation Ax = f [1] (x) = @f =@x(0).

Theorem 3.1 Consider the initial value problem in
equation (3). The solution x : I £ R+ 7! Rn satis¯es the
formal expansion

x(t; ²) =
+ 1X

k=1

²k xk (t) (4)

x1(t) =
Z t

0
eA (t ¡ ¿) g(¿)d¿ (5)

xk (t) =
X

f i 1 :::i m g2 P (k ) ¡f kg
Z t

0
eA (t ¡ ¿) f [m ](x i 1 (¿); : : : ; x i m (¿))d¿: (6)

Assumef analytic over the domain D ½. Without lossof
generality let kgkL 1

= kf k½, and compute

¯ =
µ

n
½

¶ °
° eAt

°
°

L 1
kf k½:

If ¯ ² · 1 + 2¯ ¡ 2
p

¯ + ¯ 2, the series in equation (4)
convergesabsolutelyand uniformly in t 2 I , and for all
integersM the truncation error is bounded by

°
°
°
°
°
x ¡

MX

k=1

²k xk

°
°
°
°
°

L 1

·
³ ½

n

´
RemainderM +1 (h¯ ) (¯ ²);

where h¯ (´ ) =
1 + ´ ¡

p
1 ¡ 2(1 + 2¯ )´ + ´ 2

2(¯ + 1)
.

Comments

We start by computing someterms of the series.Drop-
ping the argument ¿ inside the integral, the ¯rst few
terms of equation (6) read

x2(t) =
Z t

0
eA (t ¡ ¿) f [2] (x1; x1)d¿

x3(t) =
Z t

0
eA (t ¡ ¿)

n
2f [2] (x2; x1) + f [3] (x1; x1; x1)

o
d¿

x4(t) =
Z t

0
eA (t ¡ ¿)

n
2f [2] (x3; x1) + f [2] (x2; x2)

+3 f [3] (x2; x1; x1) + f [4] (x1; x1; x1; x1)
o

d¿:

A secondremark concernsthe truncation error estimate.
At M = 0, the estimateturns into anupperboundon the
solution kxkL 1

. In other words, whenever convergence
is guaranteed we have

kxkL 1
<

³ ½
n

´
Ã

1 ¡

s
¯

1 + ¯

!

:

The convergenceproperties are similar to the onesdis-
cussedin [14, Chapter 8]. The condition ¯ ² · 1 + 2¯ ¡

2
p

¯ + ¯ 2, with ¯ =
³

n
½

´ °
° eAt

°
°

L 1
kf k½, implies the fol-

lowing statement: for any stable system there exists a
small enough²? = ²?(¯ ) such that for all ² < ²? the se-
ries converges.Alternativ ely, given a speci¯c value of ²,
convergenceis assuredby ¯nding a small enough¯ , that
is, a small enough

°
° eAt

°
°

L 1
. This is always possiblesince

this norm goes to zero as the length of interval I van-
ishes.A lower bound to 1+ 2¯ ¡ 2

p
¯ + ¯ 2 is 1=(4¯ + 2).

This bound is asymptotically correct as ¯ goesto + 1 .
Accordingly, the convergencecriteria can be restated in
terms of ² · 1=(4¯ 2 + 2¯ ).

Proof of Theorem 3.1

The proof entails two parts. We ¯rst derive the power
seriesin a formal matter, then show its absoluteconver-
gence.Following the perturbation methodology in [14,
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Section 8.1], we proceedas follows: we let x(t; ²) be the
solution to the initial value problem (3) (necessarilya
function of ²), substitute x(t; ²) into both sidesof (3),
developboth sidesin their power seriesand equatesame
powers of ². In computing power seriesexpansionsof a
genericfunction y(²), it is convenient to usethe notation
[²k ] y(t; ²) for the coe±cient of ²k in y(t; ²); this notation
is takenfrom [15, Section1.2.9]and [29, Section1.2].For
the left sideof equation (3) we easily have

[²k ] _x(t; ²) = [²k ]
+ 1X

j =1

² j _x j (t) = _xk (t):

For the right hand sidewe compute

f (x)
¯
¯
¯
x =

P + 1

j =1
² j x j

+ ²g(t)

=
+ 1X

m =1

f [m ]

Ã
+ 1X

i 1 =1

² i 1 x i 1 ; : : : ;
+ 1X

i m =1

² i m x i m

!

+ ²g(t):

The coe±cient of ² is f [1] (x1) + g(t) = Ax 1 + g(t). Hence

_x1 = [²]
¡
f (x) + ²g(t)

¢
= Ax 1 + g(t):

Equation (5) in the text follows from noting that the
initial condition for x1, as well as for any other xk , is
zero.We compute the coe±cient of ²k as

[²k ] f (x(t; ²))

= [²k ]
+ 1X

m =1

f [m ]

Ã
+ 1X

i 1 =1

² i 1 x i 1 ; : : : ;
+ 1X

i m =1

² i m x i m

!

=
kX

m =1

[²k ] f [m ]

Ã
kX

i 1 =1

² i 1 x i 1 ; : : : ;
kX

i m =1

² i m x i m

!

=
kX

m =1

X

f i 1 :::i m g2 P (k ;m )

f [m ](x i 1 ; : : : ; x i m ) (7)

= f [1] (xk ) +
X

f i 1 :::i m g2 P (k ) ¡f kg

f [m ](x i 1 ; : : : ; x i m );

where P(k; m) is the set of ordered sequencesof m in-
tegerssumming up to k. This provesequation (6), since
the di®erential equation for the order ²k term is

_xk = Ax k +
X

f i 1 :::i j g2 P (k ) ¡f kg

f [j ](x i 1 ; : : : ; x i j ):

In the secondpart of the proof we seekan upper bound
on² to guaranteethat the seriesin equation(4) converges
absolutely and uniformly over t 2 I . Using the operators

norms and boundsdiscussedin Section2, we have

kx1kL 1
·

°
° eAt

°
°

L 1
kgkL 1

=
°
° eAt

°
°

L 1
kf k½;

and since
°
° f [m ]

°
°

L 1
· kf k½

³
n
½

´ m
,

kxk kL 1
·

°
° eAt

°
°

L 1
kf k½

X

f i 1 :::i m g2 P (k ) ¡f kg

µ
n
½

¶ m

kx i 1 kL 1
¢¢¢kx i m kL 1

:

Let ¯ =
³

n
½

´ °
° eAt

°
°

L 1
kf k½, and de¯ne the seriesof pos-

itiv e numbers a1 = 1, and

ak = ¯
X

f i 1 :::i m g2 P (k ) ¡f kg

ai 1 ¢¢¢ai m

or equivalently ak =
¯

1 + ¯

X

f i 1 ::: i m g2 P (k )

ai 1 ¢¢¢ai m . By

induction onecan show that

kxk kL 1
·

³ ½
n

´
¯ k ak : (8)

To characterizethe behavior of the sequencef ak ; k 2 Ng
we resort to the method of generatingfunctions; see[15,
29]. Let h(´ ) =

P + 1
k=1 ak ´ k and compute

h(´ ) = ´ +
¯

¯ + 1

+ 1X

k=2

´ k
X

f i 1 :::i m g2 P (k )

ai 1 ¢¢¢ai m ;

where

+ 1X

k=2

´ k
X

f i 1 :::i m g2 P (k )

ai 1 ¢¢¢ai m

= ¡ ´ +
+ 1X

k=1

X

f i 1 ::: i m g2 P (k )

(ai 1 ´ i 1 ) ¢¢¢(ai m ´ i m )

In the spirit of the generatingfunction method oneper-
forms the simpli¯cation

+ 1X

k=1

X

f i 1 :::i m g2 P (k )

(ai 1 ´ i 1 ) ¢¢¢(ai m ´ i m )

=
+ 1X

j =1

Ã
+ 1X

i =1

ai ´ i

! j

=
+ 1X

j =1

(h(´ )) j =
h(´ )

1 ¡ h(´ )
; (9)

wherethe ¯rst equality is equivalent to equation (7) and
the last equality holdsunder the assumptionh < 1. This
bound will be establisheda posteriori . The remaining
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steps only rely on basic algebra. We compute h as a
function of ´ from the equation

h = ´ +
¯

¯ + 1

µ
¡ ´ +

h
1 ¡ h

¶

to obtain (discarding a secondsolution)

h(´ ) =
1 + ´ ¡

p
1 ¡ 2(1 + 2¯ )´ + ´ 2

2(¯ + 1)
:

The function h is de¯ned real for any 0 · ´ · 1 + 2¯ ¡
2
p

¯ + ¯ 2 and attains a maximum value of

max
0· ´ · 1+2 ¯ ¡ 2

p
¯ + ¯ 2

h = 1 ¡

s
¯

¯ + 1
:

As ¯ increases,the convergenceregionand the maximum
value of h diminishes. The bound on ´ translates into a
(conservative) estimate on how large ² can be in order
for the seriesin equation (4) to converge. The bound
on h(´ ) translates into an estimate of the corresponding
norm of the displacement kx(t)kL 1

over the domain of
guaranteedconvergence.In any caseh is always lessthan
unit y, so that the equality (9) is justi¯ed a posteriori .

Finally, from the estimate in equation (8) we obtain

°
°
°
°
°
x ¡

MX

k=1

²k xk

°
°
°
°
°

L 1

·
X

k>M

²k kxk kL 1

·
³ ½

n

´ X

k>M

ak ²k ¯ k =
³ ½

n

´
RemainderM +1 (h(¯ ²)) :

The convergencestatement follows by noting that h(¯ ²)
canbedevelopedin aconvergent Taylor expansionabout
² = 0 in a radius ¯ ² · 1 + 2¯ ¡ 2

p
¯ + ¯ 2.

4 Second order polynomial systems

Polynomial vector ¯elds are common in exampleappli-
cations, e.g., see[5], and are important in the study of
normal forms, e.g., see[11]. Furthermore, control sys-
tems may be written in polynomial form via coordinate
transformations aswell asvia dynamic extensionof the
state space.In this section,we investigatewhether sim-
pler expressionsor stronger convergenceproperties are
available for this subclassof systems.Speci¯cally, we fo-
cuson systemsdescribed by a vector ¯eld f whosecom-
ponents are ¯rst and secondorder polynomial functions.
In other words, we consider a control system with f [1]

and f [2] asonly non-vanishing tensors:

_x(t; ²) = Ax (t; ²) + f [2] (x(t; ²); x(t; ²)) + ²g(t) (10)
x(0; ²) = 0:

Theorem 4.1 Consider the initial value problem in
equation (10). The solution x : I £ R+ 7! Rn satis¯es

x(t; ²) =
+ 1X

k=1

²k xk (t)

x1(t) =
Z t

0
eA (t ¡ ¿) g(¿)d¿

xk (t) =
k ¡ 1X

i =1

Z t

0
eA (t ¡ ¿) f [2] (x i (¿); xk ¡ i (¿))d¿; k ¸ 2:

Without loss of generality assumekgkL 1
=

°
° f [2]

°
°

L 1
,

and compute

¯ = 2
°
° eAt

°
°

L 1

°
°
° f [2]

°
°
°

L 1

:

If ¯ 2² < 1, the seriesconvergesabsolutelyand uniformly
in t 2 I , and for all integers M the truncation error is
bounded by

°
°
°
°
°
x ¡

MX

k=1

²k xk

°
°
°
°
°

L 1

·
1
¯

RemainderM +1

³
1 ¡

p
1 ¡ ¯ 2²

´
:

Comments

The ¯rst few terms of the resulting seriesare:

x2(t) =
Z t

0
eA (t ¡ ¿) f [2] (x1; x1)d¿

x3(t) =
Z t

0
eA (t ¡ ¿)

n
2f [2] (x2; x1)

o
d¿

x4(t) =
Z t

0
eA (t ¡ ¿)

n
2f [2] (x3; x1) + f [2] (x2; x2)

o
d¿:

Note the agreement with the expressionsfor the ana-
lytic case.The polynomial nature of the control sys-
tem (10) leads to simpli¯cations in the bound on the
solution kxkL 1

and in the computation of the parame-
ter ¯ : no normsover complexplanesarerequired.When-
ever convergenceis guaranteed it holds

kxkL 1
<

1
¯

:

Even though the estimates for polynomial vector ¯elds
have a simpler expression,they qualitativ ely agreewith
the onesfor the more generalanalytic vector ¯eld case:
giventhe parameter¯ , the seriesconvergesfor all forcing
terms smaller in magnitude than a constant ²? = ²?(¯ ).

Finally, we considerthe initial value problem

_x = ¡ x + x2 + u(t); x(0) = 0:
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We compute
°
° f [2]

°
°

L 1
= 1 and

°
° eAt

°
°

L 1
= 1 ¡ e¡ T ,

assuming the interval of interest is I = [0; T]. We
write u(t) = ²g(t), where we set ² = kukL 1

and
g(t) = u(t)=kukL 1

. Accordingly, the assumption
kgkL 1

=
°
° f [2]

°
°

L 1
in Theorem 4.1 is satis¯ed. The

convergencebound in Theorem 4.1 becomes

kukL 1
(1 ¡ e¡ T )2 < 1=4: (11)

The guaranteed convergenceregion is depicted in Fig-
ure 1. Since the origin is an exponentially stable equi-
librium point for the system,convergenceis guaranteed
over the in¯nite time horizon for all kukL 1

< 1=4. The
bound kukL 1

< 1=4 is tight, sinceany constant input
u(t) = u > 1=4 leads to solutions with ¯nite escape
time. The solution at ubound (t) = 1=4 is

xbound (t) =
t

2(2 + t)
: (12)

Figure 2 presents approximations of increasing order
computed according to Theorem 4.1.

PSfrag replacements

kukL 1

T1

¡

2 3
1=4

Approximations to xbound (t)

t

5
10

Fig. 1. According to equation (11), convergencefor time T
is guaranteedprovided kukL 1

is below the depicted curve.

PSfrag replacements
kukL 1

T
1

¡
2
3

1=4

Approximations to xbound (t)

t5 10

Fig. 2. Comparing the exact evolution in equation (12)
(in dashedline) with approximations of increasing order.

Proof of Theorem 4.1

The expressionsfor the terms of the seriesare immedi-
ately derived from Theorem 3.1. Since f [m ] = 0 for all
m ¸ 3, we restrict the summation indices f i 1 : : : i m g 2

P(k) ¡ f kg to the set P(k; 2). With regardsto the esti-
matesand the convergenceproperties, we write

kx1kL 1
·

°
° eAt

°
°

L 1
kgkL 1

=
°
° eAt

°
°

L 1

°
°
° f [2]

°
°
°

L 1

kxk kL 1
·

°
° eAt

°
°

L 1

°
°
° f [2]

°
°
°

L 1

k ¡ 1X

i =1

kx i kL 1
kxk ¡ i kL 1

:

De¯ne the sequencea1 = 1
2 , ak = 1

2

P k ¡ 1
i =1 ai ak ¡ i , and

prove by induction that

kxk kL 1
· 22k ¡ 1

°
° eAt

°
° 2k ¡ 1

L 1

°
°
° f [2]

°
°
°

2k ¡ 1

L 1

ak ´ ¯ 2k ¡ 1ak :

Modulo a scalingfactor, the numbersf ak ; k 2 Ng arethe
Catalan numbers, see[29, Section2.3]. Their generating
function is

h(´ ) =
+ 1X

k=1

ak ´ k = 1 ¡
p

1 ¡ ´ ;

which is de¯ned real for any 0 · ´ · 1 and attains a
maximum value of 1. This observation and the estimate
on kxk kL 1

readily lead to

°
°
°
°
°
x ¡

MX

k=1

²k xk

°
°
°
°
°

L 1

·
X

k>M

²k kxk kL 1
·

X

k>M

²k ¯ 2k ¡ 1ak

=
1
¯

X

k>M

ak (¯ 2²)k =
1
¯

RemainderM +1

³
1 ¡

p
1 ¡ ¯ 2²

´
:

The convergence statement follows by noting thatp
1 ¡ ¯ 2² can be developed in a convergent Taylor

expansionabout ² = 0 in a radius ² < 1=¯ 2.

5 Conclusions

Numerousresearch avenuesremain open, including how
to characterizethe relationship with the Chen-Fliessse-
riesand with the seriesin [4], how to extendTheorem3.1
to systemswith generic forcing term g = g(t; x), and
how to bring to bear normal form theory. Furthermore,
the simplicit y and convergenceproperties of the novel
seriesmight help in areassuch as tra jectory generation
and optimization, controllabilit y, and model reduction.
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