SUBMITTED AS A REGULAR PAPER TO IEEE TRANSA CTIONS ON ROBOTICS AND AUTOMA TION 1

Modelingand Cortrollability for a Classof Hybrid
MedanicalSystems

FrancescoBullo, Memter IEEE, and Milos Zefran, Memter IEEE

Abstract| This work studies a class of hybrid mechani-
cal systems that locomote by switc hing between constrain ts
dening di®eren t dynamic regimes. We develop a geomet-
ric framew ork for mo deling smooth phenomena such as in-
ertial forces, holonomic, and nonholonomic  constrain ts, as
well as discrete features such as transitions between smo oth
dynamic regimes through plastic and elastic impacts. We
focus on devices that are able to switc h between constrain ts
at an arbitrary point in the con guration space. This class
of hybrid mechanical control systems can be describ ed in
terms of atne connections and jump transition maps that
are linear in the velocity. We investigate two notions of
local controllabilit y, the equilibrium and kinematic control-
labilit y, and provide sutcien t conditions for each of them.
The tests rely on the assumption of zero velocity switc hes.
W e illustrate  the mo deling framew ork and the controllabil-
ity tests on a planar sliding, clamp ed, and rolling device. In

particular, we show how the analysis can be used for motion
planning.

Keywords| mechanical control systems, nonlinear control-
labilit y, hybrid systems

[. Intr oduction
A. Problem description and motivation

This work studies a classof medanical systemsthat lo-
comote by switching between constraints. Each constraint
results in di®erert dynamic equations. Sud systemthere-
fore form a subclass of hybrid systems. Important rep-
resenativ esin this subclassare locomotion and grasping
deviceswhere changesin the dynamics stem from switches
in the constraints describing the interaction between the
device and the ervironment. While a locomotion device
should be able to move between two arbitrary con gura-
tions, it is desirableto minimize the number of actuators
that are necessaryto move the devicein order to simplify
the mechanical design,reducethe cost, and increasethe re-
liabilit y. Nonholonomic constraints can often make up for
the missing actuation, as was for example demonstrated
in [1]. Typically, the price for the reduction in actuation is
the increasedcomplexity of the cortrol algorithms.

In this work we explore a di®erert class of locomotion
devices, where the reduction in the number of actuated
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degreesof freedom is obtained by enabling the device to
switch among se\eral di®erert constrainedregimes. A mo-
tivation for studying suc devicescomesfrom legged lo-
comotion. However, while in the caseof leggedlocomo-
tion a switch between constraints can only occur when a
leg hits the ground, we considerthe casewhere the device
can switch betweenthe constrainedregimesat an arbitrary
point in the con guration space.We describe one such de-
vice, a planar medanism that can locomote by clamping
oneof its links to the ground. A devicethat could be stud-
ied in this context is the roller-walker described in [2], [3].

Hybrid systemsthat locomoteby switching betweencon-
straints cannot be analyzed using methods derived for
smooth medanical systems. On the other hand, techniques
deweloped for general hybrid systemsare not able to ac-
court for the special geometric structure of the mecdanical
systems. In this paper we proposea new modeling frame-
work that achieves both: it models the hybrid nature of
the mechanical system and takesinto accourt its special
structure. The modeling framework allows us to study lo-
cal cortrollabilit y of hybrid locomotion devices. It is worth
remarking that cortrollabilit y analysis of a medanism is
useful at seweral levels. First, it is a necessarystep in the
analysis and design of medanisms as it directly depends
on allocation and availabilit y of actuators. Second,it pro-
vides guidance for design of motion planning algorithms,
And Tnally, it suggestswhich cortrol strategies are most
appropriate. For example, controllabilit y analysis has lead
to e®ective motion planning schemesfor various classesof
mechanical cortrol systems,e.g., seethe works on driftless
systemson Lie groups [4], [5], on medanical systemson
Lie groups [6], [7], and on kinematically cortrollable sys-
tems [8], [9].

B. Previouswork

Recernt advancesin cortrol of smooth Lagrangian sys-
tems have led to a theoretical framework that encom-
passesnumerous results on modeling and cortrollabilit y.
Coordinate-free models for nonholonomic constraints are
discussedin Bloch and Crouch [10] and Lewis [11]. The
modeling framework in both these works is that of atne
connections;seethe textb ooksby Do Carmo [12] and Mars-
den and Ratiu [13] for badkground information and for
alternative modeling paradigms. Impact models are dis-
cussedin Brogliato [14]. Controllabilit y results for smooth
mechanical systemsare preseried in Lewis and Murray [6];
theseresults exploit the work on small-time local cortrol-
lability by Sussmann[15]. Kinematically cortrollable sys-
tems are characterized by Bullo and Lynch [9].
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One inherent dixcult y in studying local cortrollabilit y
properties for hybrid systemsis that Lie bracket compu-
tations are not well de ned between vector "elds belong-
ing to di®eren regimes. To overcomethis obstacle, Good-
wine and Burdick [16], [17] study the setting of kinematic
medanical systemsde ned over stratied manifolds. A
careful construction allows them to compute Lie brackets
betweenvector “elds de ned on di®eren strata. The hy-
brid medanical control systemsstudied in this work di®er
from those consideredin [16], [17] in two respects: 1) the
dynamic equations are secondorder, i.e., our systemsare
dynamic (and have drift) instead of being kinematic, and
2) in our case, di®ereri constrained regimes are de ned
over the same con guration space. This secondassump-
tion leadsto a well de ned computation of Lie brackets.

Se\eral alternativ eswere proposedfor modeling of hybrid
systems. Alur et al. [18] and Nicollin et al. [19] de ne the
notion of hybrid automaton, building their work on the au-
tomata theory. In Brockett [20], a model is proposedthat
augmerts a state-spacemodel of a dynamical system with
a map that describes the ewolution of the discrete state.
Further models and various applications are documerted
for examplein a sequenceof proceedingsstarting with [21]
through [22]. The focus of most existing studies is on for-
mulating a generalmodel for a hybrid system.

Controllabilit y of hybrid medanical systemshasalso at-
tracted considerableattention. Someof the cortributions
in this category are [23], [24], [25]. Howewer, asin the case
of modeling, the focus has mostly beenon general hybrid
systemsand global results. Giventhat a satisfactory theory
for global cortrollabilit y is not available evenin the smooth
case,the scope of these studies is limited and the results
are dixcult to apply in practice. Our aim is instead to fo-
cus on local cortrollabilit y properties, provide computable
tests, and investigate the relationship with cortrollabilit y
notions for smooth systems.

C. Statement of contribution

The cortribution of this paper is twofold. On onesidewe
provide a modeling framework that encompassegeometric
models for holonomic and nonholonomic constraints, plas-
tic and elastic impact medanics, and systemswith chang-
ing dynamics. In particular, we preser an intrinsic def-
inition of hybrid medanical control systemsin terms of
atne connectionsand linear jump transition maps. Fur-
thermore, we presen a novel instructiv e exampleconsisting
of a planar mecdanism switching betweensliding, clamped
and rolling regimes.

Secondly we preseri a local nonlinear cortrollabilit y
analysisfor a subclassof hybrid medanical systemswhich
are allowed to switch between dynamic regimesat an ar-
bitrary point in the con guration space. We review the
notions of equilibrium and kinematic controllabilit y and
provide coordinate-free suzcient tests that extend the re-
sults for the smooth caseto this subclassof hybrid medan-
ical systems. These algebraic tests are easily veri ed and
therefore immediately applicable. We illustrate the tests
on the planar mecdanism and determine equilibrium and

kinematic controllabilit y of various con gurations of the
medanism. We subsequetly usethe analysisin designing
motion primitiv es and a complete local motion planning
algorithm for the device.

The paper is organized as follows. Section |l preseris a
uni ed treatment of mecanical systemswith constraints
and impacts and a notion of hybrid medanical cortrol sys-
tem. Sectionlll introducesa sliding, clamped, and rolling
machine as an example of hybrid medanical cortrol sys-
tem. Section IV characterizesthe equilibrium and kine-
matic cortrollabilit y properties of a class of hybrid me-
chanical control systemsand shows its implications for the
planar device. We present our conclusionsin SectionV.

Il. Smooth and hybrid mechanical systems

We start by reviewing some modeling concepts for
smooth medanical systems. We assumethe readerto be
familiar with somegeometric conceptsemployed in nonlin-
ear cortrol theory [26] and in geometric mechanics[13]. In
this work we considerdynamical systemsthat are not sub-
ject to any potential forcessuch asgravity other than possi-
bly the cortrol inputs. This assumptionis natural sincewe
are primarily interested in locomotion deviceswhere it is
desirablethat with no inputs the systemcan be in equilib-
rium at any point in the con guration space.We start with
systemswith total energyequalto kinetic energy and later
generalizethis model to include constraints and impacts.

A. Mechanical control systems
Let Q be the con guration manifold of a system with

energy of the system de nes a Riemannian metric M. We
neglectany potential forcgssothat the total energyequals
n

the kinetic energy If g= ¢*;:::;d" ' denotesthe velocity
variables, the total energy E for the systemis thus

E(q,q) = %Mii dd:

Note that the summation corvertion is assumedthrough-
out the paper. The Christo®elsymbolsj j, of the metric M

are u T
oz L @ @ @ 1
k=5 ar @ ' @ 1)

where M'" are the componerts of Mi 1. Let F1;:::;F™

tribution. Then the forced Euler-Lagrange equations for
the systemare
. , . i G
d+ij@dd = Ye(@ui) 2)
Throughout the paper we will assumethat the functions uk
are piecewisesmooth sothat the existenceand uniqueness
of solutions to (2) are guararteed.
The last equation suggeststhat we can formally de-

"ne a mechanical control system as a quadruple § =
fQ;M;F;Ug where
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() Q isann-dimensionalcon guration manifold with local

(i) M : TQE TQ ! R is a metric on Q (the kinetic
energy), that uniquely determinesan inertia matrix M,

bution de ning the input forces,and
(iv) U%R™ isthe co-domainfor the functions uk.

B. Coordinate-free description

To formulate the equationsof motion in a coordinate-free
setting, it is useful to introduce somegeometric concepts;
seeDo Carmo [12]. Given two vector elds X;Y, the co-
variant derivative of Y with respectto X is a new vector
“eld r x Y with coordinates

|
(rxY)'= X! +ijxive 3
The operator r is called an atne connection and it is de-
termined by the functions j ;k When the functions j }k are
computed according to equation (1), the atne connection
is called Levi-Civita. Using these concepts,the equations
of motion (2) can bewritten in a coordinate-free fashionas

(4)

r qa= Yeu:

C. Holonomic and nonholonomic constraints

We are interested in a classof locomotion devicesthat
interact with the surrounding environment via holonomic
or nonholonomicconstraints. For both typesof constraints,
the Lagrange-d'Alembert principle provides a uni ed way
for deriving the constrained equations of motion.
Holonomic Constraints Clamping a sliding body to a sur-
face is an example of a holonomic constraint. Formally,
a holonomic constraint is described by an equation of the
form ' (gq) = 0. We assumethat the map' : Q! R"i P
is smooth and that O is a regular value of ', so that
R ="' i 1(0) is a smooth submanifold of Q. The constraint
on g(t) inducesa constraint on ¢(t) via

0= (5)
This implies that at eadh point q 2 Q, the feasible veloc-
ities D(g) ¥2 TqQ correspond to the annihilator of the set

“elds are represerted in coordinates as (column) vectors
®';:::;®@" P, the set of feasibI%veIocities D corresponds
to the null-space of the matrix ®' ¢¢¢®"' P * . The char-
acterizing feature of the systemswe consider is that the
constraint can becomeactive at any con guration so that
the constraint distribution is de ned at least over an open
subsetof Q.

Nonholonomic Constraints Rolling without sliding is an
example of a nonholonomic constraint. We describe a non-
holonomic constraint by a p-dimensional constraint distri-
bution D. At ead point g2 Q, D(q) describesthe set of
feasiblevelocities. In other words, D(q) is the set of direc-
tions in which the device can move instantaneously Quite

often, the constraint distribution D(qg) for nonholonomic
constraints is also described by a set of equations (5).

The advantage of using constraint distributions is that
both holonomic and nonholonomic constraints can be rep-
reseried in the sameway. In both cases,we can write
g2 D(g) for an appropriate distribution D(q).

A medanical cortrol systemtogether with a constrained
distribution is said to be a constrained mechanical con-
trol system and can be represeted by a tuple § =
fQ;M;F;D;Ug. A system subject to no constraint can
be thought of asa constrained systemby setting D = TQ.

D. Constrained equations of motion

Let P: TQ! D denotethe orthogonal projection onto
the distribution of feasiblevelocities D. Let D? denotethe
orthogonal complemer to D with respect to the metric M
andlet P? = |dj P, wherel dis the identit y operator. The
Lagrange-d'Alembert constrained variational principle [13]
leadsto the equations of motion

(6)
()

rgd= . (0 + Yiuk;
P?(q = O;
where | (t) 2 D? is the Lagrange multiplier enforcing the

constraint. Following the treatment in [11], equation (6)
can be written as:

fqa= P(Yi)u*; 8
where € is the atne connection given by
i ¢
BxY =1 xY+ 'txP? (Y); 8X:Y:  (9)

The term r x P? standsfor the covariant derivative of the
(1;1) tensor P? :

| ')¢ [ ¢ 2
rx<P” (Y)=rx P(Y) i P (rxY):

In this paper, the connection© will be only applied to the
vector “elds that belongto D. A short computation shows
that for Y 2 D:

IexY: P(r )(Y): (10)
The last expressionallows us to evaluate €x Y directly
and thus avoid signi cant amourt of computation needed
to explicitly compute € from equation (9); see[27].

In summary, it is indeed possibleto write the equations
of motion for all constrained medanical control systems,
beit holonomic or nonholonomic,in the form (4). In every
casethe systemsewlve over the samemanifold Q but they
are described with di®erert atne connectionsand in each
casethe set of input vector elds must be projected to the
appropriate constrained distribution

Y =sparfP(Y)j Ye = MitFK: k= 1;:::;mg:
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E. Plastic and elastic impacts

Next, we provide a geometricinterpretation of the classi-
cal treatment of impacts; seeBrogliato [14]. Looselyspeak-
ing, an impact causesa switch in the equations of motions
and a jump in the system'svelocity. Let (Q;M;F) bea
medanical corntrol system,let DI and D* be two con-
straint distributions, and let (r T ;Y ) and (r *;Y*) be
the corresponding atne connections and input distribu-
tions. We say that the mecanical system undergoes an
impact at time t if the following everts occur
(i) the dynamic equations switch from (r i ;Yi) to
(r ;Y™
(i) the state (q;q) undergoes a discortinuous change in
velocity described by a linear map Jq : TqQ ! T¢Q. For-
mally, the linear map is a tensor 'eld J : TQ ! TQ,
such that for all g 2 Q, Jq : TqQ ! T¢Q. Denoting
g(ti ) and g(t*) asthe limiting processedimg, i q(s) and
limg ¢+ q(s), we write:

q(t™) = ot')
q(t™) = Jq eg(t ):

This de nition generalizesthe classicnotions of plastic
and elastic impacts. For example, if a particle hits a sur-
faceat the con guration gy with nonzerovelocity, then the
linear operator Jg, annihilates the normal componert of
the velocity in the plastic impact caseand reversesit in
the elastic impact case(a coexcient of restitution eis used
to account for energy dissipation). Formally, we de ne:
Plastic impact: The two constraint distributions Di and
D* aredistinct (for exampleD! = TQ and D* = TR is
the tangent spaceof a submanifold R ¥2 Q). The operator
Jq = Pp+ is the orthogonal projection from T4Q onto D™ .
Elastic impact: The equationsof motion do not change,as
the connectionsand the input distributions do not change.
There exists a distribution D sud that

Jq=Pp + (i P

where Pp is the orthogonal projection from T4Q
onto D* (g) and 0< e- 1is the coexcient of restitution.
Finally, we note that the above de nition of impact ap-
plies to both holonomic and nonholonomic impacts, that
is, to impacts that possibly involve either holonomic or
nonholonomic or both typesof constraints. This is an im-
portant advantage of the geometric framework we presen.

F. Hybrid mechanical control systems

Finally, we intro duce a special classof hybrid systemshby
merging the notion of \control systemson manifolds with
an atne connection,” see[6], [11], and that of \controlled
generalhybrid dynamical system," see[28].

The fundamertal discrete phenomenawe model are con-
trolled switchesbetweendistinct setsof constraints, result-
ing in impacts. The underlying structure is a mecanical
cortrol system(Q;M;F) together with a given set of con-
straint distributions Dj, wherei belongsto an index set| .
Each constraint D; givesrise to a di®eren regimein which

Fig. 1. A planar mechanism with two links. The mechanism is in
one of the following three regimes: sliding, clamped (the position
and orientation of the rst link is clamped to the ground), and
rolling (a wheel parallel to the rst link and located at the center
of mass of the link is placed on the ground).

the medianism can operate. A regime will be also called
a discrete state and is formally modeled by a constrained
medanical corirol system§; = [Q; M ;F;D;; U], with as-
sociated atne connection r ; and input distribution ;.
For simplicity we assumethat the system can switch from
a discrete state to any other discrete state, but additional
switching structure could be added. Formally, we de ne
the hybrid mechanical control systemas
HMCS = [1;Q;8¢; ¢] 11)
where:
() | is the index set of constraints,
(i) Q is the n-dimensional con guration manifold,
(i) 8¢ = f8; = [Q;M;F;Dj;Ulgi2 is the collection of
constrained medanical cortrol systemson Q,
(iv) ¢ = fxji 2 1gis the set of jump transition maps
wheret; : TqQ! Di(q), and £(c;d) = (; (Jq)i ¢d).
The ewlution of a hybrid medanical control system can
be described as follows. The system starts in a state
(i; (p;m)) 2 1 £ TQ and it ewlves according to the dy-
namics given by r ; and the chosenset of cortrols. At any
point, we can chooseto switch to any other discrete state.
In general,the switch results in an impact and a changein
the velocity. If we require that we can only perform a nite
number of impacts in a nite time interval, we can guar-
antee the existenceand uniquenessof the solution of the
equations of motion. Sinceimpacts are under our cortrol,
this is not a very restrictiv e assumption.

I1l. A planar mechanisms subject

constraints

to switching

We presert a simple examplethat illustrates the concepts
in the previoussectionand motivatesthe following sections.
We consider a planar mecanism moving in a horizontal
plane (no gravity) consisting of two homogeneoudinks of
equal length 2°, of unit density, width and depth; seeFig-
ure 1. The con guration manifold of the two body system
is Q= R?£ T?, with aconguration q= (Xcw; You; l1; Lb)-
The variables (Xcy; You) are the coordinates of the certer of
mass, |y denotesthe angle of the “rst link with respect to
the horizontal axis and |, is the relative angle betweenthe
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rst and secondlink. Both anglesare measuredcounter-
clockwise.
The inertia matrix M of the linkageis

2
12 0 0 0
gg 0 12 0 0 Z _
340 0 235+ 3cos) “3(5+ 3cospp)°”

0 0 35+ 3cos) 53

The cortrol input is a torque applied to the internal joint,
that is, the input codistribution is F = sparf di»g.

A. Three constrained mechanical controlled systems

We assumethat at any location and at any time, the
systemcan operate in and switch betweenany of the three
following regimes:

Sliding regime (i = 0) This regime correspnds to the
mechanism that slides without friction on the horizontal
plane; we denote this regime with the index 0. The con-
straint distribution is Do(q) = T4Q.

Clamped regime (i = 1) The system's rst link is clamped
to the ground at somepoint and orientation (X1o; Y10, M10)-
The coordinates of the certer of massof the rst link are
given by the kinematic relationships

X1 = Xew i E(COS(M) + cos(y + k)

12)

Y1 = Yewi 5(sin(ha) + sin(i + 1e)):
The constraint map is therefore ' (Xew;Yom; Ha; k) =
(X1;Y1;a)- This holonomic constraint induces a one di-
mensionalconstraint distribution D1(q). Feasiblevelocities

will be aligned with

@ . @ @

i ~coqpy + P 2—:
G i  + o) @ i @
Rolling regime (i = 2) The system has two wheelsin con-
tact with the ground; the wheelsare located at the certer
of massof the rst and secondlink. The wheels prevent
the links from sliding sideways:

“sin(u + 1)

Xgsinpy i yjcospy = 0
X2 Sin(ly + L) i Y2cosfy + p) = 0
where x1, y; are given by (12), and x,, y, satisfy similar

relationships. In the coordinates g = (Xcu; You; Mi; o), the
constraints read

£ o]
2sinp  j 2cosy  (1+ cospp) Ccospp ¢g=0
a

i 2sin(y + 1) 2cofu + o) (L+ coslp)  ¢g= O

It canbe veri ed that the distribution of admissibleveloc-
ities D,(q) is generatedby the two vector "elds

@

+ 1+ c)(s1+ SlZ)Q + 28—

@ @u
@

+ (s CZSlZ)Q + 28—,

Qe e

1+ c)(c + cr2)

CcM

(G + CoCr2)

CM
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where we intro duce the shorthands

C = COosli; Si = sinpy; Cj = cosy + ); etc.
This concludes the de nition of three distinct con-
strained medanical control systems8; = [Q;M;F;Dj];
for i 2 f0;1;29. The transitions from any regime to any
other regime are assumedto be ideal plastic impacts.

B. The dynamics of the hybrid mechanical control system

In this section we describe the dynamics in the three
regimes, i.e., we compute (i) the atne connectionr ¢ in
the unconstrained regime, (ii) the transition maps+; and
+, corresponding to the projection mapsPp, and Pp, onto
the constraint distributions D; and D», respectively, and
(iii) the input vector “eld in the three regimes. These
guartities completely determine the equations of motion
in all three regimessince the constrained connectionsr
and r , can be evaluated through equation (10).

The atne connectionand the input distribution (r o; Yo)
are computed via a direct application of equations(1). The
only non-vanishing Christo®el symbols for the un-clamped
regime are

30sin
3 ()= i3 (q) = i3.(q) = — S0SNk .
i 33(Q) = i34(0) = ig3(a) = i 41+ 9coq2)’
3sin, Bsinte
.3 —  9°ii .4 = _ - T -
|44(q) - i 5+ 3cosu2 I 33(q) 5| 3COS”2,
3sin
@ 1407 (0= o

~ Using Gram-Scmidt decomposition, the orthogonal pro-
jection Pp, onto D is

6's2, i 6'Ci2s12 | 52s12f 32c2512 i 52512
i i 6°C12S12 6‘C§2 52¢1, + 3°2¢3012 52¢q,
16 0 0

i 12s12 12¢12 10" + 6'co 10°

and the orthogonal projection Pp, onto D; is

26‘(11(8(902i C222)C112)
1 6'd1(Ca22 i 9c2)s112
16'd1d, ~ 48d1S2(2s152 i €1C2)
24d2s2(C12 | €1)

42d2(5 + 3cp)(c1 + €12)S2

4'2d2(5 + 3c2)sp(S1 + S12)
16'd2(5 + 3cp) sin(pp=2)2
0

6'd1(Co22 | 9c2)s112
6'd1((9c2i Ca22)C112 i 8)
i 48d1S2(S12 + €152)
24d2s2(S12 i S1)

*2d;(3(C1Ca2 + S1S22) + C122 | 36C1)S2
“2d;sp(3sin(pa i 2p2) + S112 | 3681) é
6'd1(9¢c2 i C222)
2°d2(3co2 i 7§ 4c)

whereweletd; = ¢, j 2andd, = ¢ 7.

Finally, we compute the input distributions in the three
constrained regimes. The input distribution Y is gener-
ated by the vector "eld
H @, , @ ‘IT.

@' @

3

0= Mild =
=ML = SE sk )

1Al the computations were performed in Mathematica. The code
can be obtained at http://motion.csl.uiuc.edu/~bullo/math
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The input distribution Y, is generatedby the vector “eld
Il

1 . @
Y= Pp, Y. = 163 | 3 sin(py + o) & .
+3 COxs + o) o + 6
The input distribution Y, is generatedby
9l
3 . @
_ 0_ ;
Y = Pp,Yy = 83(c1 2) s2(C12i ¢1) & .
. @ @ @
+ sy(S12) S1)=—t+2(1+c))— i 4(1+ co)—
2(S121i s1) @on ( 2) @ ( 2) @

IV. Equilibrium and kinematic contr ollability

In this section we investigate the cortrollabilit y prop-
erties of hybrid medanical cortrol systemsde ned as in
Section |I-F, that is, systemsthat can switch betweenthe
constrained regimesat an arbitrary point in the con gura-
tion space.We provide suzcient cortrollabilit y conditions
that rely on the assumption of impact at zero velocity. (In
the terminology of [28], we assumethe system undergoes
cortrolled switchesrather than cortrolled jumps).

For mechanical devices,it isimportant to distinguish be-
tweenthe system'sewolution on the full con guration man-
ifold TQ (in coordinates, the space(q; q)) and its evolution
when just obsened on Q. For example, when studying
locomotion systemssubject to velocity constraints we are
primarily interestedin how the con guration changed, not
with what velocity the systemmoved. This is the motiva-
tion behind the notions of con guration, equilibrium, and
kinematic cortrollabilit y [6], [9] which we now review.

A. Preliminary de nitions

We review somebasic de nitions and notations. Given
a pair of smooth vector "elds X;Y on Q, we shall per-
form two operations on them, Lie bracket and symmetric
product:
X;Y]l=rxYiryX; WX:Yi=rxY+ryX:
Corresponding to these operations between pairs of vector
“elds, we introduce two operations on a family of vector

X under the Lie bracket operation (the involutiv e closure),
and we let Sym(X ) bethe closureof X under the symmetric
product operation. Within the set Sym(X), we de ne the
order of a symmetric product to be the number of vector
“elds X; presert in it. We say that a symmetric product
is bad if it contains an even number of ead X;. Otherwise
the product is saidto be good. It is worth noting that these
de nitions can be stated more accurately via the notion of
free Lie algebra; see[15], [6].

B. Equilibrium and kinematic controllability for smaoth
mechanical control systems

We can now presert equilibrium controllabilit y de ni-
tions and tests from [6] and kinematic cortrollabilit y def-

initions and tests from [9]; seealso [8], [29], [30] for ex-
tensions and related works. In what follows, we con-
sider a smooth constrained mecdanical cortrol system§ =
[Q;M;F;D; U] with the assaiated connection and input
distribution (r ;Y). The equations of motion are

rqa= Yiu(t); (13)

and let W be a neighborhood of qp.

B.1 Equilibrium controllabilit y

The set of con gurations reacable from g 2 W ¥ Q
starting at zeroinitial velocity is de ned as

R\g(q);- T)=1[+ tfx 2 Qj9 asolution to (13) s.t.
q0) = 0; gq(t) 2 W fort 2 [0;T], and o(T) = Xg:

The system (13) is small-time locally con guration control-
lable at q if there existsa time T sud that the reachable
set R\('gv (gp;- T) cortains a non-empty open subsetof Q
cortaining go. The system (13) is equilibrium controllable
on W ¥ Q, if, for Gnitar ;0na 2 W, there exist an input
fuk(t);t 2 [0; T]g and a solution f q(t);t 2 [0; T]g such that
d(0) = Gnitiar , A(T) = Gnar , A(t) 2 W for all t 2 [0; T], and
a(0) = 0,«(T) = 0.

The following results from [6] characterize R‘(’?V (p;- T)
and provide suzcient tests for both controllabilit y notions.

LemmalV.1: The reachable set RY (qp;- T) forms an
open subsetof the integral manifold through ¢y of the dis-
tribution Lie(Sym(Y)).

LemmalV.2: If the distribution Lie(Sym(Y)) is full rank
at qu, and if every bad symmetric product at ¢ is a linear
combination of lower order good symmetric products, then
the system (13) is small-time locally con guration cortrol-
lable at qp.

LemmalV.3: If both assumptionsin Lemma IV.2 are

veri ed at every g2 W, then the system(13) is equilibrium
cortrollable on W.
Roughly speaking, the symmetric closure of the input vec-
tor “elds describeswhat velocities are reachable, while the
involutiv e closure describeswhat con gurations are reac-
able.

B.2 Kinematic cortrollabilit y

A vector "eld V on Q is a decoupling vector “eld if its
integral curvesmay be followed, with an arbitrary reparam-
eterization, by cortrolled trajectories for the system (13).
The system (13) is kinematically controllable on W %2 Q
if any two con gurations in W can be connected via a
sequenceof integral curves of decoupling vector "elds.
Roughly speaking, a kinematically cortrollable systemhas
the following property: it is possibleto designfeasiblemo-
tion plans using concatenations of integral curves of the
decouplingvector elds. The resulting concatenatedcurve,
when reparameterized so that eah segmen begins and
ends with zero velocity, is guaranteed to be a controlled
trajectory for the medhanical system.
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The following results from [9] characterize decoupling
vector “elds and kinematically cortrollable systems.

LemmalV.4: The vector eld V is a decoupling vector
“eld if and only if both V andr yV lie in the input distri-
bution Y.

LemmalV.5: The system (13) is kinematically con-
trollable on W if it possesseslecoupling vector “elds
fV1;:::;Vkg whoseinvolutiv e closure has maximal rank at
allg2 W.

Remark IV.6: One can seethat a kinematically cortrol-
lable systemis also equilibrium cortrollable. Furthermore,
it turns out that various examplesof equilibrium cortrol-
lable systemsare also kinematically cortrollable, e.g., the
systemsdiscussedin [9], [30]. The following systemis an
example of an equilibrium cortrollable medanical system
which is not kinematically cortrollable:

B = ug; B = Uy A= xgxp:

o]

C. Equilibrium and kinematic controllability for hybrid me-
chanical control systems

We now analysethe cortrollabilit y properties for the hy-
brid medanical cortrol systemHMCS = [I;Q;8q;¢] de-
‘ned in Section|l-F. Recall that (r i;Y;) are the connec-
tion and thg input distebution for the ith regime. We let
Yi = span Y{;:::;Y) bethe input distribution, h¢: ¢i
be the symmetric product, and Sym (9 be the symmetric
closurefor the ith regime.

We start by noting that the de nition of equilibrium con-
trollabilit y for a smooth system relies only on the prop-
erties of the solutions to the equations of motion. Since
these solutions are well-de ned for hybrid medanical con-
trol systems,the de nition of equilibrium controllabilit y is
also applicable to the hybrid setting. Next, we de ne de-
coupling vector “elds for a hybrid system. A vector eld V
on Q is decouplingfor the hybrid medanical control system
[I;Q;8q;¢] if it is decoupling for somesmooth regimei,
that is, if for somei its integral curves may be followed,
with an arbitrary reparametrization, by controlled trajec-
tories for the system (r i;Y;). As in the smooth case,the
hybrid medanical cortrol systemis kinematically cortrol-
lable on W % Q if any two con gurations in W can be
connectedvia a sequenceof integral curves of decoupling
vector elds. As in the smooth case,a kinematically con-
trollable systemis also equilibrium cortrollable.

We can now state the main results in this section.

Theorem IV.7: The hybrid medanical cortrol sys-
tem (11) is equilibrium cortrollable on an open setW if
(i) in ead discretestate i, every bad symmetric product is
a linear combination of lower order good symmetric prod-
ucts, and
(i) the distribution Lle(
everyq2 W.

Theorem IV.8: The hybrid medanical cortrol sys-
tem (11) is kinematically cortrollable on an open set W
if it possesseslecoupling vector “elds fVi;:::;Vkg whose
involutiv e closure has maximal rank at all g2 W.

o1 Symi(Yi))(ag) is full rank at

Proof of Theorem IV.7: We start by examining the
set of con gurations reachable at zero velocity for the ith
regime. For any point go 2 W, consider the distribution
Lie(Sym;(Y;)), and let N; ¥ Q be its maximal integral
manifold through the point q,. Becauseof Lemma IV.1
the trajectories of the ith medanical systemstarting from
point ¢p at zero velocity are constrainedto remain on N;.
Additionally , becauseead bad symmetric product is com-
pensatedby a lower order, good symmetric product, eat
con guration on N; \ W is reachable at zero velocity (see
Lemma IV.2). In other words, the set of con gurations
that can be reached starting and nishing at zero velocity
for the cortrol system

SR ANV

(ri)gg= Yiuy+ (14)

is equalto the setof con gurations that can be reached for
the corntrol system

Q= XiVi+ i+ Xp vy (15)
where the family of vector "elds le;::"XI g generate
the distribution Sym; (Y;) = Sym.(Y4;:::;Y,5h).

Next, we considerthe rst order cortrol system
X o .
g= (Xqvy+ i+ X vy ) (16)

i2l

where vector elds from all regimes i 2 | are presen.
By assumption (ii), the systemin equation (16) satis es
the Lie algebra rank condition and it is therefore locally
cortrollable at every point g 2 W. According to Propo-
sition 2.3in [15], for any pair Cinitial ,crna| 2 W, there ex-

Oral = ©2XNN + 600+ ©7* (Gnitial );

where ©F (g) denotesthe °ow along the vector “eld X for
time 2 starting from point g.

Finally, we showv how to construct a sequenceof inputs
to steer the secondorder cortrol systemin equation (14)
from the con guration gnija at zero velocity to the con-
‘guration qng at zero velocity. We start by de ning
Gk = Ok £6COX ! (Gniar ). Obsenethat g = ©2* (ok; 1),
and that there eX|st|nd|ceS|k 21 andj 2 f1;:: :;p.kgsud1
that Xy = XJ'k or X = j XJk Therefore, the con gura-
tion ok 2 W is reachable from the con guration o; 1 2 W
for the control systemin equation (15) with i = ix. Fol-
lowing our earlier argumert leading to equation (15), the
con guration g 2 W is reachable from the con gura-
tion q; 1 2 W for the cortrol system in equation (14)
with i = iy starting and nishing at zero velocity. Since
the systemcan switch betweenregimesat arbitrary points,
we steer the secondorder control systemin equation (14)
from gniiay at zero velocity to gna at zero velocity by
switching betweenregimesiy andix+; at con guration ok
and zero velocity. [ |
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Proof of Theorem IV.8: The argumert follows the
samethree stepsasthe previous proof. We start by consid-
ering the set of con gurations reachable for the ith regime
via a sequencef integral curvesof decouplingvector elds.
This setis the maximal integral manifold N; of the family

other words, the set of con gurations that can be reached
alongintegral curvesof decouplingvector “elds for the con-
trol system (14) is equal to the set of con gurations that
can be reached for the cortrol system

a= V{vj+ 60+ Vi v ; 17)

the proof is identical to the previousproof of TheoremIV.7.
Equation (17) plays the samerole as equation (15), the
decouplingvector "elds \/ji play the samerole asthe vector
“elds Xji above, invoking Proposition 2.3 in [15] we can
designa sequencef integral curvesconnectingthe required
con gurations, and the "nal argumert is unchanged. H

Remark IV.9: The two conditions for equilibrium con-
trollabilit y have the following interpretation. Condition (i)
is the functional equivalent of the bad versus good Lie
bracket condition in Lemma V.2 and guaranteesthat the
system s cortrollable (as opposedto accessible)when re-
stricted to the maximal integral manifold of Lie(Sym; (Y;)).
Condition (ii) guararntees that by combining subsequenh
motions feasiblein di®eren regimes,an open neighborhood
of the initial point is accessible. o

Remark 1V.10: Both theorems provide suzcient tests
for controllabilit y assumingthe velocity at impact is zero.
Roughly speaking, this assumption leadsto a decoupling
of the regimes: the system ewlvesin one regime, stops,
switchesto another regime and starts again. By exploring
the equilibrium cortrollabilit y property (i.e., the fact that
any con guration can be readed at zero velocity), we re-
ducethe computation of the reachable con gurations for a
secondorder control system (with drift) to thosefor a rst
order kinematic corntrol system (without drift).

Requiring zero velocity impacts is a restrictive assump-
tion. Nonetheless this assumptionis closelyrelated to the
notions of equilibrium and kinematic controllabilit y, and
leadsto tests that are powerful enoughfor the planar hy-
brid medanism. How to provide generalconditions involv-
ing impacts at non-zerovelocity remains an open problem
at this time; seesomeinitial cortributions in [31]. o

D. Controllability resultsfor the hybrid planar mechanism

The controllabilit y results in the previous subsections
are directly applicable to the planar sliding, clamped, and
rolling mechanism. In this sectionwe discusshow ead indi-
vidual regime of the planar mecanism is neither kinemat-
ically nor equilibrium cortrollable, and how most meca-
nisms that can switch between two or more regimes are
kinematically and equilibrium cortrollable.

Let us start by examining the smooth medanical cortrol
systemscorresponding to the three individual regimesfor

the hybrid planar mechanism. We compute the symmetric
closure of the input distribution in the three regimes. Let
Y = Y/ denote the input vector eld in the ith regime,
and compute

"y Y°® _ i 9sinpy 0.
' o (i 5+ 3cosip)? ’
“vi.v1lT —
Yi:vt =0 (18)
“y2- Y2® _ 9sinpp y2:

2 A3(cospp | 2)?

From these computations, we draw the following conclu-
sions for all three individual regimes (i.e., for all i 2
f0; 1;29):

(i) Sym(Y;) = Y;, sothat all (good and bad) symmetric
products are linear combination of rst order symmetric
products, . ®

(i) because of the obvious equalies Y':Y'. =
2(r i)y:i Y, the cortrol vector “elds Y' are decoupling in
their respective regimes,

(i) let Nj(p) be the integral manifold through g 2 Q
of the distribution Y;j, i.e., the image of the integral curve
of the cortrol vector “eld Y' through ¢p. According to
LemmalV.1, the ewlution of the systemin regimei start-
ing from rest at ¢ is con ned to the 1-dimensional sub-
manifold N;, and

(iv) the medhanical systemde ned asthe restriction of the
ith regimeto the N; submanifold is kinematically cortrol-
lable and therefore equilibrium controllable.

In summary, the three individual regimesewlve along
1-dimensionalsubmanifolds, over which they are kinemati-
cally cortrollable. For example,the clampedregimeis kine-
matically cortrollable over a con guration spaceconsisting
of the only variable |, 2 T. Howewer, the three individual
regimesare neither equilibrium nor kinematically cortrol-
lable over the full con guration domain Q = R? £ T2.

Remark IV.11: A smooth medhanical systemswith asin-
gle input for which Sym;(Y;) 6 Y; is the roller racer;
se€[32],[11],[27]. Similarly to the planar mechanismin the
rolling regime, the roller racer is a two-link planar mec-
anism endoved with two wheels,the di®erencebeing that
the two links are assumedo have di®erer length and mass.
It is known [32] that the set of reachable con gurations for
the roller racer is an open subsetof Q = R? £ T2, a

Since the planar mechanism is not equilibrium or kine-
matically cortrollable in any of his smooth regimes (over
the full conguration domain Q = R? £ T?), we set
out to investigate cortrollabilit y for the hybrid systems
that can switch between any of these regimes. By
combining the three regimes in all possible manners
ff 0;1g;f0; 2g; f 1; 2g; f O0; 1; 2gg, we examinefour hybrid me-
chanical control systems. According to Theorem IV.7, we
needto look at the following Lie brackets computations.
= For the hybrid mecdanical control systemf§g; 810,

© __ a
rank Lie(Y°.Y1)(q) a
=rank YO YLIYO Y IYO YO Y (9 = 4
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for all (Xew; Yo, te; o).
= For the hybrid mechanical cortrol systemf§i;8,g

©* a
rank Lie(Y';Y?)(q) a
=rank YL YZIYLY2IYEIYL YA (o = 4

for all (Xcw; Yew; Ma; ) Sudh that i, 6 8§
= For the hybrid mecanical control systemf§g; 82,9

©7 a
rank Lie(Y%;Y?)(q = 2

> No further computations are necessaryto analyze the
hybrid medanical cortrol systemf8g;81;820.

Theorem IV.7 leadsto the following statemerts. First,
the hybrid medanical cortrol systems§ = f§;8:9, § =
f81;8,gand §8 = f8y;81; 8,9 are kinematic and equilib-
rium cortrollable. Thesethree systemscorrespond to the
hybrid devices:\slide and clamp," \clamp and roll," \slide
and clamp and roll." Second,the system 8 = f8&;8,0,
corresponding to \slide and roll," does not satisfy condi-
tions of either theorem. Since the theorems only provide
suzcient conditions, we are unable to provide a conclusive
answer as to whether the system is kinematic or equilib-
rium cortrollable.

E. Application exampleto motion planning

This section illustrates an application of the modeling
and cortrollabilit y results above: for the hybrid planar de-
vice we devise a motion planning algorithm basedon the
notion of kinematic cortrollabilit y. We considerfor simplic-
ity the hybrid system consisting of regimesf0; 1g, i.e., the
planar device that can slide or clamp. The algorithm de-
velopmen is parallel to that for the smooth setting; see[9].

E.1 Integral curvesof decoupling vector “elds

First, we investigate the decoupling vector "elds for
regime 0 and regime 1, and obtain closedform expressions
for their integral curves. We start by rescaling the two
input vector “elds Y° and Y1, and rede ning:

@ @
Yo=- = 2=;
. |J~ @'lll @2 ﬂ
Y= 5 sin(y + o) & + cosfu + k) @@CDM + @@21

The °ow along Y° for time ¢t is

O ; (Xewo; Yemo: Hao; Hoo) = (Xewo: Yewo; Mao + ¢ oo | 26 1);

and along Y?! for time ¢ t is
\ . A —
©¢3t (XCMO! ycmoa Mo |J-20) =
< ¢
Xeuo + 5 cos(C¢t + o + Hoo) i COS{uo + eo) ;

i _ ¢ ’
Yemot 5 Sin(¢ t+ Pyo+ Hoo)i SiN(tao+ Loo) 5 Haos boo+C t

E.2 Motion primitiv esfor Xcy, You, OF i displacemens

Next, we concatenateintegral curvesof the vector “elds
Y% and Y to designthe useful combinations which we refer
to as motion primitives. We assumely, = 0 at beginning
and end of ead primitiv e, and designmotion plansto steer
the variables (Xcy; Yeu; ) from (0O; 0; 0) to desired values.

Primitive  1: To rotate the devicean angle ¢ |y, we per-
form the sequenceof motions
1. Flow along sign(¢ )Y° for time j¢ pyj
2: Flow along sign(¢ w)Y?! for time j2¢ ]
Accordingly, we write the equations
3

Pé‘ M1 (cb) = ©\2(¢ M1 ©2D( M1 (Cb)

While obtaining the required rotation, this primitiv e also
results in a certer of mass translation in the direction
(i sinpy;cospy) for the amourt ~ sin(¢ 1y ). a

Primitive  2: To translate the device's certer of mass
alongthe direction (cospy; sinjy), i.e., alongthe body- xed
x-direction, for a positive quartity ¢ x, 2 [0;2°] we per-
form the sequenceof motions
1. Flow along j sign(®)Y? for time j®]
2: Flow along j sign(®)Y?! for time j®j
3: Flow along sign(®)Y? for time j&j
4: Flow along sign(®)Y?! for time j®&j
where®, = arccogli ¢ Xy="). Accordingly, we write the
equations

3 3 3 s

1 0 1 0
P¢2XCM> O(Cb) = ©éx ©Yx ©IY ®x ©IY ®x (Cb)

To obtain a "nal negative displacemen in the amount
¢ Xew 2 [i 27; 0], we employ the opposite order

3 3 3 "

0 1 0 1
Péxen<o(®) = ©Cp ©F ©'g ©g (p) ;

where ® = arccos(1+ ¢ x.,="). To obtain translations of
amourt j¢ xoyj > 27, we iterate the primitiv e a number of
times equalto the smallestinteger greater than or equalto
j¢ Xcuj=2". o
Primitive  3: To translate the device's cernter of mass
along the direction (j sinpy;cosy), i.e., .?jlgng thepb_ody-
“xed y-direction, for aquantity ¢y, 2 [{ 3 3=2"; 3 3=27],
we perform the sequenceof motions:

1. Primitive 1 for amount ®
2: Primitive 2 for amount ®,
3: Primitive 1 for amount j ®

where ®, is the unique solution in the range[j 2Y&3; 2¥#3]
to the equation ¢ y.,=" = 2sin(®)(1 i cos®). Accord-
ingly, we write the equations

3 3 o

PS, () = Ple, P& Pg, ()

y
While obtaining the required translation, this primitiv e
alsoresultsin a certer of masstranslation in the direction
(cospy; sinpy) for an amourt “(cos®, | COS2®). a
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Fig. 2. Steering the sliding and clamping machine from the origin
to (Xcm; Yem; Ma; H2) = (1=2;1=2;¥#4;0). The top gure displays
the prole of W (thick line), xcu (dashed line), and ycw (solid
line), and the bottom Tgure displays the machine's position at
the moment of switches between di®erent regimes. We let * = 1.

E.3 Motion planning via inversion

Finally, we combine motion primitiv esto read a desired
endpoint (Xa;Ya;Hd;0) starting from  (Xcu; Yeu; i ko) =

(0;0; 0; 0). The key obsenation is that

(Xd:Yg; Ha; 0) = .
Hd Xdi (cos(®y)j cos(2®y)) Ydi = Sin g ( y U, Uy ) y

provided jyq="i Sinpqj - Sp 3=2. In summary, we combine

the primitiv esin the order and amoun:
1: Primitve 3 for amountyqi " Ssinpy

2: Primitive 2 for amount Xqi “(COY®) cos(2By))

3: Primitive 1 for amount py

Figure 2 illustrates a motion plan to the "nal con guration
(Xd:;Yd: Ma; 0) = (1=2; 1=2;¥#4;0). A total of 14 switches
between integral curves of Y° and Y?! are required, and
the “gure illustrates the total 15 initial and nal momerts

of eadt regime.

V. Conclusions

We have preserted some geometric tools for the study
of hybrid medianical control system. This classof hybrid
systemshas interesting features such as a very structured
smooth dynamics (described by a set of atne connections)
and jump transition maps linear in the velocity. We have
preseried a cortrollabilit y test that characterizesthe reach-
able set via zero velocity impacts. The essetial technical
step involves a \reduction" procedure from a dynamic to
a kinematic analysis. Further researd will focus on mo-
tion planning and on cortrollabilit y problems with jumps

at non-zerovelocity; seesomeinitial cortributions in [31].
Finally, although our results are speci ¢ to Lagrangian sys-
tems, we hope to exploit the insight gained from these
structured examplesin more general problems.
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