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Intro duction

With the growing emphasison vehicle autonony, the problem of planning a trajectory
in an ernvironment with obstacleshas becomeincreasinglyimportant. This task has been
of particular interestto roboticists and computer scietists, whoseprimary focusis on kine-
matic motion planning [1]. Typical kinematic planning methodsfall into two main categories,
roadmapmethods and incremenal seardt methods, both of which nd collision-freepathsin
the state space. Roadmap methods generateand traversea graph of collision-freeconnect-
ing paths spanningthe state space,while incremenal seardy methods, including dynamic
programming [2] and potential eld methods [3], perform an iterativ e seart to connectthe
initial and goal states. For the purely geometricpath planning problem, deterministic algo-
rithms have beencreatedthat are complete i.e., they will nd a solution if and only if one
exists. Unfortunately, thesesu er from high computational costswhich are exponertial in
systemdegreeof freedom. This costhasmotivated the dewelopmert of iterative randomized
path planning algorithms that are prolabilistically complete i.e., if a feasiblepath exists,the
probability of nding a path from the initial to nal conditions corvergesto oneasthe num-
ber of iterations goesto in nit y. The introduction of the Rapidly-exploring Random Trees
(RRTs) of LaValle and Ku ner [4] allowed both for computationally e cien t exploration of
a complicated spaceas well as incorporation of systemdynamics. The RRT grows a tree
of feasibletrajectoriesfrom the initial condition, or root node. Each node, or waypoint, on
the tree represefts a systemstate and has possibletra jectories branching from it. Through

use of an embedded planning routine, the tree incremenally builds itself in random direc-
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tions, node by node, until the nal conditionsare met (within accuracybounds). Frazzoli[5]
demonstratedthat a hybrid systemsrepresemation of vehicle dynamics,when coupledwith
the RRT, could be usedto addressmoving obstaclesand time-invariant nal conditionsin a
real-time environment. This paper preserts a similar approad which provides probabilistic
completenessn the presenceof both time-varying obstaclesand nal conditionswhile using
a simpler algorithmic procedure. In addition, a novel approad to provide error mitigation of
the embeddedplannerin a hybrid system-basedRT is presened. An exampleis then given
in which the proposedalgorithm is applied to the landing of a spacecrafton an idealized

asteroid.

An RRT-based Approac h

Bac kground

The ideaof this method is to incrementally build atree of feasibletra jectoriesto e cien tly
explorea readable space,wherea tree is a directed graph in which all nodes(exceptingthe
root) have one parert node and an unspeci ed number of child nodes. The basic RRT
algorithm [4] can be seenin Figure 1(a).

The original RRT algorithm, shavn to be probabilistically complete, extendedthe tree
by picking the closest(Euclidean metric ) node on the tree to the random point and choos-
ing the best constart input from a nite predeterminedset. For this simplistic embedded
planner, the systemequationsof motion are propagatedaccordingto the input for a prede-
termined time. If no collisionsare found, a new child node is addedto the tree correspnding
to the propagatedstate.

Frazzoli adapted this method for cortrol of autonomousvehicleswhere motion is repre-
serted by a concatenationof motion primitiv es[5]. Herede ned the metric asthe cost-to-go
function of an optimal cortrol problem [2] and replacedthe constart input setwith an online
planning algorithm that found solutions for the obstacle-freeplanning problem. Using the
Extend routine in Figure 1(b), he was able to addressmoving obstaclesby looping through

successigly closenodeson the tree until onewas found which allowed an acceptabletrajec-
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tory. If a collision free trajectory was found, the routine would grow the tree and then try
to connectto the nal state. A completenesgroof of this approad is in [5]. A limitation

on this method liesin its inability to addresstime-varying nal conditions.

A New Approac h

We use a primitiv e-basedhybrid system model that expandsupon that in [5], where
the dynamics of the system, commonly descriked using an ordinary di erential equation,
are instead modeled by computed state ows in responseto di ering inputs. Thesecan be
separatedinto two types of primitiv es, reference trajectories and maneuvers where refer-
encetrajectories are precomputedtrajectorieswith a variable time duration within a given
interval and maneuersare xed time primitiv esconnectingreferencetrajectories. This is a
hybrid systemin that the state spaceis de ned by the nite setof trajectory primitiv es,the
cortinuous spaceover which ead primitiv e can be applied (i.e., wherethe dynamics of the
systemare invariant), and time. The cortrol variablesthen consistof the referencetrajec-
tory time durations and the parametersde ning ead maneuer. Initial and nal conditions
are assumedto lie on referencetrajectories. A more detailed description of this systemis
found in [6]. Furthermore, we assumethat there exists an enmbeddedplanner guararteed to
nd motion planning solutionsin an obstacle-freeenvironment subject to time-varying nal
constraints and an upper time limit. The RRT-basedalgorithm for this approad follows the
generalloop in Figure 1(a), calling the Extend routine in Figure 1(c) to try to connectthe
trajectoriesrepreserted by the tree to a state de ned by the function RandomState Once
again, the metric is de ned asthe cost-to-gofunction, but the state variable x now includes
time aswell. This addition both accommalatesa time-dependent nal condition and allevi-
atesthe needfor cycling through the nodesin the tree to addresstime-varying obstacles.In
this Extend routine, NearestNeighbr merely nds the closestnode in the tree to x instead
of sorting the tree nodesand cycling through them. InputFound then calls the embedded
plannerto nd afeasibletrajectory from the nearestnode state to x and NoCollision incre-

mentally cheds the resulting trajectory for collisions. Provided a collision-freetrajectory is
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found, the tree is extendedby AddChildren. Unlike the approad of Frazzoli, this allows for
the addition of singleor multiple nestedchild nodesalongthe referencetrajectories. Extend
will repeat this processwith the last creatednode until x is readed or a collision-freetra-
jectory cannot be obtained. Once Extend exits, BuildRRT keepslooping until a solution is
found. Probabilistic completenesdgor this algorithm can then be showvn asfollows:

Lemma Assumingno two RRT milestoneslie within a spcied > 0 of one another for

the given metric, this methal is prokabilistically complete.

Proof:  Noting that the appropriate input is always generatedby the online planning
algorithm if it existsand is assigneda speci ¢ nonzeroexecutiontime, it follows from

Theorem 3 of [4] that this method is probabilistically complete. ]

Embedded Planner Error Mitigation

The embedded planner naturally has a prescribed accuracy and, as a result, an error
that can be propagatedastrajectoriesare concatenatediogether. Although this e ect could
be troublesome, the framework of the RRT also allows for correction of errors from the
underlying planning algorithm. For the initial incarnation of the RRT [4], a constart input
was chosenfrom a nite set and was highly unlikely to cortrol the systemto the intended
nal state. As a result, the actual nal state (asfound by integrating the systemunder the
input) is that which is stored as the new node state rather than the targeted state. Thus,
replanning from that node takesinto accoun the error correction. When addressingthe
hybrid system,the characteristicsof theseerrors becomeimportant, asreplanning can only
occur from nodes on referencetrajectories. Thus, when integrating along the trajectory,
nodes would only be added to the tree where the state matched the trajectory primitiv e
within an acceptableerror. While this methodology is usefulin practice, it is not a complete
error correction, asthe correctionis only the projection of the total error onto the trajectory
primitiv e. It is notable that, although limitations of handling the error in this mannerwere

not quarnti ed, this method was shavn to be consistettly e ectiv e for the exampleproblem.

4 of 12



Asteroid Landing Example

The exampledescribted hereis that of a spacecraftlanding on a celestialbody similar to
the asteroid lda. We made simplifying assumptionsby geometrically modeling the asteroid
as a 60 km long cylinder with radius 12 km and modeling the gravity as a Newtonian
point source. While it is known that the gravity eld about a non-sphericalbody is more
complicatedthan the point sourcemodel, it is usedherefor simplicity. The algorithm could
then be extendedto other gravity models when needed. The setup of the problem is seen
in Figure 2, where the initial position of the spacecraftis 18 km above the surfaceof the
asteroid with the nal condition of \landing" at a point just o the surfaceon the other
side of the asteroid. Although this problem could have beencastin a rotating reference
frame, an inertial referenceframe was chosento shav algorithm performancein relation to
time-varying obstaclesand nal conditions. Additionally, arti cial constrains are imposed
to limit motion to Ida's plane of rotation and an annulus with radii between19:1 and 383
km of the certer of mass. An upper bound of 46 hours was placedon the transfer time. The
embeddedplanner usedin the InputFound routine was basedon a dynamic programming
approad and can be found in [6]. Note that, rather than samplethe readable set, which
is computationally impractical to de ne, the sampling in the function RandomState was
doneover free hybrid state space.Here, the referencetrajectoriesin the hybrid systemare
de ned asthe setof all circular orbits and the maneuwersare de ned through an online local
planning algorithm. From a start point at [x";v']" = [0;30,0; 0:00620;0]" (km, km/s),
the randomized algorithm grows a tree as seenin Figure 2, the result of 11 randomized
planner iterations. The results of theseiterations are givenin Table 1.

The \Greedy Loops" columnin the table refersto the fact that the error correction men-
tioned in Section cancausea loopin the Extend routine. This occurredin step 11, wherethe
Extend algorithm looped an extra time to read the inertial nal state. The overall solution
was computedin 642 secondswith a nal state of[ 26:2; 12 0;0:0026 0:00570]" (km,

km/s) at 123 hours. This is an error of :03 percert in position and :2 percen in velocity

5of 12



from the nal condition.

Of course,this is a planner basedon randomizedmethods, and, as sud, every solution
to this algorithm will be slightly di erent with di erent run times. A batch of 50 runs of the
aforemenioned example were completedand yielded a median run time was 959 seconds
(on an 850MHz Penrtium 111 computer) with 78% of the casedaking lessthan 200seconds.
The median number of randomizedplanner iterations was 11, with 90%taking lessthan 40

iterations. In ewvery casetested, the algorithm successfullycorvergedto a solution.

Conclusion

This paper preserned a newvariant of the Rapidly-exploring RandomTree (RRT) for use
with amotion primitiv e-basedlanner. By including time asa state it is ableto accommalate
time-varying obstaclesand nal conditions. This method is shavn to be probabilistically
complete, nding a solution with a probability of one as the number of iterations goesto
in nit y. This method wasthen appliedto the exampleof a spacecrafianding on an idealized
asteroid, for which analysis of a batch of runs was completed. This method showved itself
to be reliable with typical run times of lessthan 3 minutes. While the randomizedmethod

shown is not optimal, there exist methods to re ne the tree to increaseoptimality.
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List of Table Captions
Table 1: RandomizedPlanner Iterations: Extend Results
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Iteration End Condition Greedy Loops
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List of Figure Captions

Figure 1: Algorithm Pseudocode, (a) (top) Basic RRT loop, (b) (left) Fraz-
zoli Extend routine, and (c) (righ t) Prop osed Extend routine; is a prede ned
metric.

Figure 2: Ida Landing, setup and relativ e target location(left), tree and nal
path in rotating reference frame(righ t)
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BUildRRT( Xstar t,Xf inal )

1: tr eelnitialize( Xstar t)

2: for iter ations = 1 to maxiter ations
3 Xrand RandomState()

4 Extend(tr eeX;and,Xfinal )
5
6

if  (Xrand;Xfina) < breakloop
> return tree

Extend(tr ee X, Xt inal ) Extend(tr ee X, Xt inal )
1. for all Xpear in SortedNodeList(tr egx) 1: Xnear NearestNeighlor(tr egx)
2: if InputFound(Xnear ; X; U) 2: if InputFound(Xnear ; X; U)
and NoCollision(Xnear ; X; U) and NoCollision(Xnear ; X; U)
3 tr ee AddChild( Xpear ; X; U) 3 tr ee AddChildren(Xpear ; X; U)
4: if (X;Xfinat ) < return success 4: if (X;Xfina ) < return connected
5 elselet Xpear = X, X = Xfjna and goto 2: | 5 elselet Xpear = X, X = Xfina and goto 2:
6: return f ailure 6: return not reachabk or collision
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