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The motion of a medanical systemis related via a set of dynamic equations to the forcesand
torques it is subject to. In this work we will be primarily interestedin robots consisting of a col-
lection of rigid links connectedthrough joints that constrain the relative motion betweenthe links.
There are two main formalisms for deriving the dynamic equations for such mecanical systems:
(1) Newton-Euler equations that are directly based on Newton's laws, and (2) Euler-Lagrange
equations that have their root in the classical work of d'Alembert and Lagrange on analytical
mechanics and in the work of Euler and Hamilton on variational calculus. The main di erence
betweenthe two approacesis in dealing with constraints. While Newton's equations treat ead
rigid body separately and explicitly model the constraints through the forcesrequired to enforce
them, Lagrange and d'Alembert provided systematic proceduresfor eliminating the constraints
from the dynamic equations,typically yielding a simpler systemof equations. Constraints imposed
by joints and by other medanical componerts are one of the de ning features of robots so that
it is not surprising that the Lagrange's formalism is often the method of choice in the robotics
literature.

1 Preliminaries

The approadc and the notation in this sectionare inspired by [21] and we refer the readerto that
text for a additional details. A starting point in describing a physical systemis the formalism for
describing its motion. Sincewe will be concernedwith robots consisting of rigid links, we start by
describing rigid body motion. Formally, a rigid body O is a subsetof R® where ead elemen in O
correspondsto a point on the rigid body. The de ning property of arigid body is that the distance
betweenarbitrary two points on the rigid body remains unchangedas the rigid body moves. If a
body- xed coordinate frame B is attached to O, an arbitrary point p 2 O can be described by a
xed vector pg. As a result, the position of any point on O is uniquely determined by the location
of the frame B. To describe the location of B in spacewe choosea global coordinate frame S. The
position and orientation of the frame B in the frame S is called the con gur ation of O and can be
described by a4 4 homagen®us matrix gsg:

R d
Ose = SB iB iRsp 2 R3 3;dSB 2 RS;REBRSB = I3;det(RSB) =1 (l)

Here |, denotesthe identity matrix in R" ". The set of all possiblecon gurations of O is known
as SE (3), the special Euclidean group of rigid body transformations in three dimensions. By the
above argumert, SE(3) is equivalent to the set of homogeneousmatrices. It can be shown that
it is a matrix group aswell asa smooth manifold and, therefore, a Lie group; for more details we
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refer to [11, 21]. It is conveniert to denote matrices g 2 SE(3) by the pair (R;d) for R 2 SO(3)
andd 2 R®.

Given a point p 2 O described by a vector pg in the frame B, it is natural to ask what is the
corresponding vector in the frame S. From the de nition of gsg we have

Ps = OsePs
where for a vector p 2 R3, the corresponding homayeneus vector p is de ned as:
- P
P=

The tangent spaceof SE(3) at go 2 SE(3) is the vector spaceof matrices of the form g(0),
whereg(t) is a curve in SE(3) sud that g(0) = gg. The tangent spaceof a Lie group at the group
identit y is called the Lie algebm of the Lie group. The Lie algebraof SE(3), denoted by se(3), is

sed) = ‘é i 2R 3:v2R3 T= : )

Elements of se(3) are called twists. Recallthat a3 3 skew-symmetric matrix  can be uniquely
identi ed with a vector! 2 R® sothat for an arbitrary vectorx 2 R®, x =1 x, where isthe
vector crossproduct operation in R3. Each elemen T 2 se3) can be thusidentied with a6 1
vector

;o
called the twist coordinates of T. We alsowrite = b and T = Dto denote these transitions
betweenvectors and matrices.

An important relation betweenthe Lie group and its Lie algebrais provided by the exponertial
map. It can be shown that for 02 se(3), exp(®) 2 SE(3), whereexp: R" "1 R" " s the usual

matrix exponertial. Using the properties of SE (3) it can be shown that, for T = vI 1T |
8" #
% I3 v : | = 0
.0 1
exp(D) = . . 3)
E exp(b) gz Uz expb)(! v)+!!1'v | 6 0
- 0 1 t '

where the relation .
sink! k 1 cosk! k

— 2.
exp(b) = I3+ KK b+ K2 b<;
is known as Rodrigues' formula. From the last formula it is easyto seethat the exponertial map
exp:se3)! SE(3) ismany to one. It canbe shown that the mapis in fact onto. In other words,
every matrix g 2 SE(3) canbe written asg= exp(tb for someb2 se&(3). The components of are
also called expnential coordinates of g.
Toewerytwist T = vI 1T 1 6 0, wecan assaiate a triple (I;h;M) called the screw

assaiated with P wherewedene | = fp+ ! 2R3 p2R3 2Rg h2R,andM 2 R sothat
the following relations hold:

M = kI k; v= | p+h!:

Note that | is the line in R® in the direction of | passingthrough the point p2 R3. If | = 0, the
corresponding screwis (I;1 ;kvk), wherel = f v 2 R} 2 Rg. In this way, the exponertial map
can be given an interesting geometricinterpretation: if g = exp(b) with ! 6 0, then the rigid body
transformation represerted by g can be realized as a rotation around the line | by the angle M
followed by a translation in the direction of this line for the distancehM . If ! = 0and v 6 0, the
rigid body transformation is simply a translation in the direction of 7 for a distanceM . The line
| is the axis, h is the pitch and M is the magnitude of the screw. This geometricinterpretation and
the fact that every elemen g 2 SE(3) can be written asthe exponertial of a twist is the essence
of ChaslesTheorem.



1.1 Velocities and forces

We have seenthat SE(3) is the con guration spaceof a rigid body O. By considering a rigid
body moving in space,a more intuitiv e interpretation can be also givento se(3). At ewvery instant
t, the con guration of O is given by gsg(t) 2 SE(3). The mapt 7! gsg(t) is therefore a curve
represeriing the motion of the rigid body. The time derivative gsg = d"%gsB corresponds to the
velocity of the rigid body motion. Howewver, the matrix curvet 7! gsg doesnot allow an easy
geometric interpretation. Instead, it is not di cult to show that the matrices VS?B = gSBlgsg and
Vs, = Use0sg take valuesin se(3). The matrices Vb, and VS, are called the body and spatial
velacity, respectively, of the rigid body motion. Their twist coordinates will be denotedby V& and
V&;. Assumea point p 2 O has coordinates ps and pg in the spatial frame and in the body frame,
respectively. As the rigid body movesalong the trajectory t 7! gsg(t), a direct computation shavs

that the velocity of the point can be computed by pg = ‘VSSBIJS or, alternatively, pg = ‘bSbeB.
The body and spatial velocities are related by
Vg = Ad

b
Jss VSB

where for g = (R;d) 2 SE(3), the adjoint transformation Adg : R®! R®is

R &R
Adg = 0 R
In general, if b2 se(3) is a twist with twist coordinates 2 R®, then for any g 2 SE(3) the twist
gby ! hastwist coordinates Adg, 2 RE.

Quite often it is necessaryto relate the velocity computedin oneset of framesto that computed
with respect to a dierent set of frames. Let X, Y, and Z be three coordinate frames. Let gxy
and gyz be the homogeneousanatrices relating the Y to the X frame and the Z to the Y frame,
respectively. Let V3, = gXYgXYl and ViR, = gx\}gxy bethe spatial velocity and the body velocity of
the frame Y with respect to the frame X, respectively; de ne Vi¢,, Vi35, ViP5, and V4%, analogously
The following relations can be veri ed by a direct calculation:

Viiz = Wy + Adg,, W7,

V2, = Adgt VP, + VP

vz

(4)

In the last equation, Ad ! is the inverseof the adjoint transformation and can be computed using
the formula Ady* = Ady 1, for g2 SE(3).

The body and spatial velocities are in generaltime dependen. Take the spatial velocity Vs (t)
at time t and considerthe screw(l; h; M) assa@iated with it. We can show that at this time instant
t, the rigid body is moving with the samevelocity as if it were rotating around the screw axis |
with a constart rotational velocity of magnitude M, and translating along this axis with a constart
translational velocity of magnitude hM . If h = 1 , then the motion is a pure translation in the
direction of | with velocity M. A similar interpretation can be givento Vg (t).

The above argumerts show that elemens of the Lie algebra se(3) can be interpreted as gen-
eralized velocities. It tuns out that the elemens of its dual se (3), known as wrenches can be
interpreted as generalizedforces. The fact that the namestwist and wrench which originally de-
rived from the screw calculus [5] are usedfor elemens of the Lie algebra and its dual is not just
a coincidence,the preser treatment can be viewed as an alternativ e interpretation of the screw
calculus.

Using coordinates dual to the twist coordinates, awrench canbewritten asapair F = f ,
wheref is the force componert and the torque componert. Givenatwist VT = vI I'T  for
v;l 2R3 1 andawrench F = f ,forf; 2 R! 3, the natural pairing W ;Fi = fv+ | is

a scalarrepresetting the instantaneous work performed by the generalizedforce F on a rigid body
that is instantaneously moving with the generalizedvelocity V. In computing the instantaneous
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work, it is important to considergeneralizedforce and velocity with respectto the samecoordinate
frame.

As was the casewith the twists, we can also ass@iate a screwto a wrench. Given a wrench
F= f , f 8 0, the assaiated screw(l;h;M) isgivenby | = fp+ f 2 R%p2 R3 2Rg
and by:

M = kf k; = f p+hf:

For f = 0, the screwis (I;1 ;k k), wherel = f 2 R3 2 Rg. Geometrically, a wrench with the
assaiated screw(l; h; M) correspondsto a force with magnitude M applied in the direction of the
screw axis | and a torque with magnitude hM applied about this axis. If f = 0and 6 0, then
the wrench is a pure torque of magnitude M applied around I. The fact that every wrench can be
interpreted in this way is known as Poinsot Theorem. Note the similarity with ChaslesTheorem.

1.2 Kinematics of serial link ages

A serial linkage consists of a sequenceof rigid bodies connectedthrough one degree-of-freedom
(DOF) revolute or prismatic joints; a multi-DOF joint can be modeled as a sequenceof individual
1-DOF joints. To uniquely describe the position of suc a serial linkageit is only necessaryto know
the joint variables i.e., the angle of rotation for a revolute joint or the linear displacemen for a
prismatic joint. Typically it is then of interest to know the con guration of the links asa function
of thesejoint variables. One of the links is typically designatedas the end-e ector, the link that
carriesthe tool involved in the robot task. For serial manipulators, the end-e ector is the last link
of the mechanism. The map from the joint spaceto the end-e ector con guration spaceis known
asthe forward kinematics map. We will usethe term extendel forward kinematics map to denote
the map from the joint spaceto the Cartesian product of the con guration spacesof eact of the
links.

The con guration spacesof a revolute and of a prismatic joint are connectedsubsetsof the unit
circle S and of the real line R, respectively. For simplicity, we shall assumethat these connected
subsetsare S and R, respectively. If a medanism with n joints hasr revolute andp=n r
prismatic joints, its con guration spaceis Q = S" RP, whereS' = Fl I Si. Assumethe

of the links is SE(3), sothe extended forward kinematics map is:

Q ! SE"(d
qa 7' (gss,(Q);:::;0ss, (@) :
We shall call SE"(3) the Cartesian space.

For serial linkagesthe forward kinematics map has a particularly revealing form. Choose a
referenae con gur ation of the manipulator, i.e. the con guration where all the joint variables are

®)

frame S. If the ith joint isrevolute and | = fp+ ! 2 R3 2 R;k! k= 1gis the axis of rotation,
then the joint twist correspondsto the screw(l;0; 1) and is:

= P 6)

If the ith joint is prismatic and v 2 R3, kvk = 1, is the direction in which it moves, then the joint
twist correspondsto the screw(f v 2 R%j 2 Rg;1 ;1) and is:

One can show that ‘
gse (9) = exp( 10")  exp( iq)Jss, ;0 ©)
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where gsg, .0 2 SE (3) is the referencecon guration of the ith link. This is known as the Product
of Exponentials Formula and was introduced by Brockett [7].
Another important relation is that betweenthe joint rates and the link body and spatial veloc-
ities. A direct computation shaws that along a curvet 7! q(t),
Vg, (1) = Jgg, (a(t) alt)
whereJ§g, is a con guration-dependert 6 n matrix, calledthe spatial manipulator Jacobian, that
for serial linkagesequals

I, (@= s1(@ i si(@ 0 :::0
Herethe jth column g; () of the spatial manipulator Jacobianis the jth joint twist expressedn
the global referenceframe S after the manipulator has moved to the con guration described by q.
It can be computed from the forward kinematics map using the formula:
sj () = Adexp( 1q1) exp( | 19 1)
Similar expressionscan be obtained for the body velocity

Vs, (1) = Jgs, (at) alt); (8)

wherngB‘ isacon guration-dependert 6 n body manipulator Jacobian matrix. For seriallinkages,
& (D= sa(@ 1 su(@ 0 0 (9)

wherethe jth column g, (d);j i isthe jth joint twist expressedn the link frame B; after the

manipulator has moved to the con guration described by g and is given by:

) - 1 .
B (Q) = Ad(exp( jd) exp( iq')gss ;o) -

2 Dynamic equations

In this section we cortinue our study of mechanisms composed of rigid links connectedthrough
prismatic or revolute joints. One way to describe a system of interconnected rigid bodies is to
describe ead of the bodies independerily and then explicity model the joints between them
through the constraint forces. Since the con guration spaceof a rigid body is SE(3), a robot
manipulator with n links would be described with 6n parameters. Newton's equations can be
then directly usedto describe robot dynamics. An alternativ e is to usegeneslized coordinates and
describe just the degreesof freedomof the mecanism. As discussedearlier, for arobot manipulator
composedof n links connectedthrough 1-DOF joints the generalizedcoordinates can be chosento
be the joint variables. In this casen parametersare therefore su cien t. The Lagrange-d'Alembert
Principle can then be used to derive the Euler-Lagrange equations describing the dynamics of
the medanism in generalizedcoordinates. Becauseof the dramatic reduction in the number of
parametersdescribingthe systemthis approad is often preferable. We shall describe this approac
in somedetail.

The Euler-Lagrange equationsare derived directly from the energyexpressedn the generalized
coordinates. Let q bethe vector of generalizedcoordinates. We rst form the systemLagrangian as
the di erence betweenthe kinetic and the potential energiesof the system. For typical manipulators
the Lagrangian function is

L(ga = T(aa V(d);
whereT (q; q) is the kinetic energyand V (q) the potential energyof the system. The Euler-Lagrange
equations describing the dynamics for eat of the generalizedcoordinates are then

—_— — =Y, (10)

where Y; is the genealized force corresponding to the generalizedcoordinate g'. The subject of
the following discussionis study theseequationsin the context of a singlerigid body and of a rigid
linkage.



2.1 Inertial prop erties of a rigid body

In order to apply the Lagrange'sformalism to a rigid body O we needto compute its Lagrangian
function. Assumethat the body- xed frame B is attached to the certer of massof the rigid body.
The kinetic energyof the rigid body is the sum of the kinetic energyof all its particles. Therefore,
it can be computed as 7 7
T= }kgkzdm = :—Lkp_skz (ps)dV
02 02
where is the body density and dV is the volume elemert in R3. If (Rgg;dsg) 2 SE (3) is the rigid
body con guration, the equality ps = Rsgps + dsg and somemanipulations lead to
z

1 1
T = Smkdsgk® + S(! 8)" Be (pe)dV ! (11)
¢}

where m is the total massof the rigid body and pg is the skew-symmetric matrix corresponding
to the vector pg. The formula shows that the kinetic energyis the sumg of two terms referredto as
the translational and the rotational componerts. The quantity | = o p32 (pg)dV is the inertia
tensor of the rigid body; one can shaw that | is a symmetric positive-de nite 3 3 matrix. By
de ning the geneslized inertia matrix

_ mlz 0 |
M = o 1
the kinetic energy can be written as
_ 1l T b .
T=35 Vg MV, (12)

where V& is the body velocity of the rigid body.

Equation (12) can be usedto obtain the expressionfor the generalizedinertia matrix when
the body- xed frame is not at the certer of mass. Assumethat gag = (Ra;da) 2 SE(3) is the
transformation betweenthe frame A attached to the certer of mass of the rigid body and the
body- xed frame B. According to equation (4), V&, = Adg,, V&,. We thus have

1

1 T T
T= E(VsbA)TM AVSbA = 2 Adg,g VSbB M Adg, VSbB = VSbB M BVSbB;

where M g is the generalizedinertia matrix with respect to the body- xed frame B:

" #
Mg = (Adge)' M A Adg, = mis MRE8:Rs
5= (Adgo) MaAdes = RT®R. RL | mi Ra
By observingthat gsa = gag = (Re;ds), whereRg = R} anddg = RAda, M g can be written
as: " #
ml 3 méﬂg

Mg =
7 m# ReIRT &

2.2 Euler-Lagrange equations for rigid link ages

To obtain the expressionfor the kinetic energy of a linkagecomposedof n rigid bodies, we needto
add the kinetic energy of eadh of the links:

X
T= T = (VsbBi)TM B VSbB.:



Using the relation (8), this becomes

X1 b T b 1+ .
T= E(‘JSBiQ) Mg, Jgg, A= ég_ M (g)a
i=1

where

X
M@= (I35) M5 I,

i=1
is the manipulator inertia matrix. For serial manipulators, the body manipulator JacobianJgBi is
given by equation (9).

The potential energy of the linkagetypically consistsof the sum of the gravitational potential

energiesof eat of the links. Let h;(q) denotethe height of the certer of massof the ith link. The
potential energy of the link is then V;(q) = m;gh;(qg), and the potential energy of the linkageis:

X
V(g =  mighi(q):
i=1
If other consenative forces act on the manipulator, the corresponding potential energy can be
simply addedto V.
The Lagrangian for the manipulator is the di erence betweenthe kinetic and potential energies,
that is,

1 1 X o
LE@Q=dM@a V@=; M;@dd V(@
ihj =1
where Mj; (g) is the componert (i; j) of the manipulator inertia matrix at ¢. Substituting these
expressionsinto the Euler-Lagrange equations (10) we obtain:

X X NG % .

Mij (a)ef + uk(q)qlq+@(q)=Ya; i2f1:::;ng;
ji=1 k=1

wherethe functions j « arethe Christo el symiwls (of the rst kind) of the inertia matrix M and

are de ned by

1 avi(9, @/likl(q) @« (9)

ij k() = 2 @ @ @ (13)
Collecting the equationsin a vector format, we obtain
M (a)eq+ C(a;q)q+ G(q) = Y; (14)

where C(q; q) is the Coriolis matrix for the manipulator with componerts

X
Cij (o0 = i k(A

k=1

and where G;(q) = %(q). Equation (14) suggeststhat the robot dynamics consists of four
componerts: the inertial forcesM (q)¢, the Coriolis and centrifugal forces C(q; g)q, the consenative
forcesG(q) and the generalizedforce Y composedof all the non-consenativ e external forcesacting
on the manipulator. The Coriolis and certrifugal forcesdepend quadratically on the generalized
velocities d and re ect the inter-link dynamic interactions. Traditionally, terms involving products
dd; i6 j arecalled Coriolis forces,while certrifugal forceshave terms of the form (¢')?.

A direct calculation can be usedto shaw that the robot dynamics hasthe following two prop-
erties[29. Forall g2 Q

(i) the manipulator inertia matrix M (q) is symmetric and positive-de nite, and
7



(i) the matrix M(g) 2C(g;q 2 R" " is skew-symmetric.

The rst property is a mathematical statemert of the following fact: the kinetic energyof a system
is a quadratic form which is positive unlessthe systemis at rest. The secondproperty is referredto
asthe passivity property of rigid linkages;this property implies that the total energy of the system
is consened in the absenceof friction. The property plays an important role in stability analysis
of many robot control schemes.

2.3 Generalized force computation

Given a con guration manifold Q, the tangent bundle is the set TQ = f(q;q)j 92 Qg. The La-
grangian is formally a real-valued map on the tangent bundle, L : TQ ! R. Recall that, given a
scalar function on a vector space,its partial derivative is a map from the dual spaceto the reals.
Similarly, it is possibleto interpret the partial derivatives & and & asfunctions taking valuesin
the dual of the tangert bundle, T Q. Accordingly, the Euler-Lagrange equationsin vector form
@ @ _,
d@a @
can be interpreted as an equality on T Q. The external force Y is thus formally a one-form,i.e.,
amapyY : Q! T Q. Welet Y; denotethe ith componert of Y. Roughly speaking, Y; is the
componert of generalizedforce Y that directly a ects the coordinate ¢ . In what follows we derive
an expressionfor the generalizedforce Y; as a function of the wrenches acting on the individual
links.

Let us start by introducing two useful concepts. Recall that given two manifolds Q; and Q;
and a smooth map : Q;! Q, thetangentmap T :TQ;! TQ: is a linear function that
mapstangent vectorsfrom TqQ; to T Q2. If X 2 TqQs is atangent vectorand :R! Qjisa
smooth curve tangent to X at g, then T (X) is the vector tangent to the curve at (). In
coordinates this linear map is the Jacobian matrix of . Givena one-form! on Q, the pull-back
of I isthe one-form( !) on Q; de ned by

h( 1)(a); Xi = h;Tq (X)i

forall g2 Qq and X 2 T4Qs.
Now considera linkage consisting of n rigid bodieswith the con guration spaceQ. Recall that
the extendedforward kinematics function : Q! SE"(3) from equation (5) mapsa con guration

Cartesian spaceSE " (3). Forcesand velocities in the Cartesian spaceare described as twists and
wrenches;they are thus elemerts of s€"(3) and se "(3), respectively. Let W; be the wrench acting

force Y; is the componert of the total con guration spaceforceY in the direction of ¢ . Formally,
Y = hy; @@,i, where -2 s the ith coordinate vector eld.

It turns out that the total con guration spaceforce Y is the pull-back of the total Cartesian
spaceforce W to T Q through the extended forward kinematics map, i.e.,

Y= (W)
Using this relation and the de nition of the pull-back we thus have

@C‘? = W( @)y @@i

It is well establishedthat in the absenceof external forces,the generalizedforce Y; is the torque
applied at the ith joint it the joint is revolute and the force applied at the ith joint if the joint is
prismatic; let us formally derive this result using equation (15). Consider a serial linkagewith the

Yi(g) = Y(a); (15)
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forward kinematics map given by (7). Assumethat the ith joint connecting(i  1)th and ith link
is revolute and let ; be the torque applied at the joint. At g2 Q, we compute

@

Tg — =050 si(@);:i s ;

@@ - Qi s @i s (@)
i1

where s; (q) is de ned by equation (6) and it is the unit twist corresponding to a rotation about

the jth joint axis. The wrench in the Cartesian spaceresulting from the torque ; acting along

the ith joint axisis W = i(?; :{'Z:; v si(d); si(9);0;:::;0), where s () is the unit wrench

i 2
corresponding to a torque about the ith joint axis. It is then easyto ched that W results in

2.4 Geometric interpretation

Additional dierential geometric insight into the dynamics can be gained by observing that the
kinetic energy provides a Riemannian metric on the con guration manifold Q, i.e., a smoothly
changing rule for computing the inner product betweentangert vectors. Recall that, given (q;q) 2
TQ, the kinetic energy of a manipulator is T(q;q) = %q_T M (q)q, where M (q) is a positive-de nite
matrix. If we have two vectorsvy; v, 2 T4Q, we canthus de ne their inner product by vl v23ii =
2(v1)TM (g)v. Physical properties of a manipulator guarantee that M (g) and thus the rule for
computing the inner product changessmoothly over Q. For additional material on this sectionwe
refer to [11].

Given two smooth vector elds X and Y on Q, the covariant derivative of Y with respect to
X is the vector eld r x Y with coordinates

‘ P
(rxY) = %XJ + bl xIyk;

where X' and Y/ are the ith and jth componert of X and Y, respectively. The operator r is
calledanane connection and it is determined by the n® functions bJ! «- A direct calculation shows
that for real valued functions f and g de ned over Q, and vector elds X, Y and Z:

lix+gvZ="FfrxZ+ogryZ,
rx<(Y+2Z)=rxY+r xZ
rx(fY)="fr xY+ X(f)Y;
wherein coordinates, X (f) =~ [, Z-x".
When the functions b} « are computed according to

1 X vl @@ @ik(@  @4«(9)

bl () = > (16)
Tk 2, @K @ @

where M ' (g) are the componerts of M 1(q), they are called the Christo el symtwls (of the second
kind) of the Riemannian metric M, and the a ne connectionis called the Levi-Civita connection.
From equations (13) and (16) it is easyto seethat for a Levi-Civita connection,

X
k=MD
=1



Assumethat the potential forcesare not present sothat L(q;q) = T(qg;q). The manipulator
dynamics equations (14) can be thus written as:

g+ M Y(QC(gaa=M *(g)V:

It can be seenthat the last equation can be written in coordinates as
o + b (dd =F"

and in vector format as
rq¢a= F; an

where r is the Levi-Civita connection corresponding to M (g) and F = M (q)Y is the vector
eld obtained from the one-form Y through the identity hY;Xi = HF ; Xii. In the absenceof
the external forces, equation (17) becomesthe so-called geodesic equation for the metric M. It
is a secondorder di erential equation whosesolutions are curves of locally minimal length { like
straight lines in R" or great circles on a sphere. It can be also shavn that among all the curves

:[0;1]!' Q that connecttwo given points, a geaesicis the curve that minimizes the energy
integral: z,

E()= . T( (t); (1)dt:

This geometric insight implies that if a mecdanical system moves freely with no external forces
presen, it will move along the minimum energy paths.

When the potential energyis presen, equation (17) still applies if the resulting consenative
forcesare included in F. The one-form Y describing the consenative forces assaiated with the
potential energyV is the dierential of V, that is, Y = dV, wherethe dier ential dV is de ned
by hdV;Xi = X (V). The correspnding vector eld F = M !(g)dV is related to the notion

of gradient of V, specically, F = gradV. In coordinates, di erential and gradiert of V have
componerts
_ @ L
(dv)i = @ and (gradV)' = M o

3 Constrained systems

One of the advantagesof Lagrange'sformalism is a systematic procedureto deal with constraints.
Generalizedcoordinatesin themselvesare a way of dealingwith constraints. For example,for robot
manipulators, joints limit the relative motion betweenthe links and thus represen constraints. We
can avoid modeling these constraints explicitly by choosing joint variables as generalizedcoordi-
nates. Howevwer, in robotics it is often necessaryto constrain the motion of the end-e ector in
someway, model rolling of the wheelsof a mobile robot without slippage,or for exampletake into
accourt various consened quartities for spacerobots. Constraints of this nature are external to
the robot itself so it is desirable to model them explicitly. Mathematically, a constraint can be
described by an equation of the form ' (q;q) = 0, whereq 2 R" are the generalizedcoordinates
and' : TQ! R™. However, there is a fundamertal di erence between constraints of the form
' (g) = 0, called holonomic constraints, and those where the dependenceon the generalizedve-
locities can not be eliminated through the integration, known as nonholonomic constraints. Also,
among the nonholonomic constraints only those that are linear in the generalizedvelocities turn
out to be interesting in practice. In other words, typical honholonomic constraints are of the form
(09 = A(g)a.

Holonomic constraints restrict the motion of the systemto a submanifold of the con guration
manifold Q. For nonholonomic constraints such a constraint manifold does not exist. However,
formally the holonomic and nonholonomic constraints can be treated in the sameway by observing

10



that a holonomic constraints ' (q) = 0 can be di erentiated to obtain A(g)q = 0, where A(q) =

@

@ 2 R™ ", The generalform of constraints can be thus assumedto be:

A(gg= O (18)

We will assumethat A(q) hasfull rank everywhere.

Constraints are enforcedon the medanical systemvia a constraint force. A typical assumption
is that the constraint force doesno work on the system. This excludesexamplessuc asthe end-
e ector sliding with friction along a constraint surface. With this assumption, the constraint force
must be at all times perpendicular to the velocity of the system (strictly speaking, it must be in
the annihilator of the set of admissible velocities). Sincethe velocity satis es equation (18), the
constraint force,say , will be of the form

= AT(9; (19)
where 2 R™ is a set of Lagrange multipliers. The constrained Euler-Lagrange equations thus
take the form: ia a

v = T .
i@ @ Y+ A'(g: (20)

These equations, together with the constraints (18), determine all the unknown quartities (either
Y and if the motion of the systemis given, or trajectoriesfor gand if Y is given).

Sewral methods can be used to eliminate the Lagrange multipliers and simplify the set of
equations (18)-(20). For example, let S(g) be a matrix whose columns are the basis of the null-
spaceof A(qg). Thus we can write:

a= S(q) (21)
for somevector 2 R" ™. The componerts of are called pseudo-veloities. Now multiply (20)
on the left with ST (q) and useequation (21) to eliminate g. The dynamic equationsthen become:

ST (M (@)S(d) _+ ST (M (q)%sm) + ST(@C(GS(@ )+ ST(AG(@ = ST(@Y:  (22)

The last equation together with equation (21) then completely describes the system subject to
constraints. Sometimes, such proceduresare also known as emtedding of constraints into the
dynamic equations.

3.1 Geometric interpretation

The constrained Euler-Lagrangeequation can alsobe given an interesting geometricinterpretation.
As we did in Section 2.4, consider a manifold Q with the Riemannian metric M. Equation (18)
only allows the systemto move in the directions given by the null-space of A(g). Geometrically,
the velocity of the systemat ead point q 2 Q must lie in the subsetD(qg) = A(q) of the tangent
spaceTqQ. Formally, D = [ q2oD(q) is a distribution on Q. For obvious reasons,this distribution
will be called the constraint distribution. Note that given a constraint distribution D, equation
(18) simply becomesg 2 D(q).

Let P : TQ! D denotethe orthogonal (with respect to the metric M) projection onto the
distribution of feasiblevelocities D. In other words, at eadiq2 Q, P(g) mapsTqQinto D(q) Tq¢Q.

Let D? denotethe orthogonal complemern to D with respect to the metric M andlet P? =1 P,
wherel is the identity map on TQ. Geometrically, the equations (18) and (20) can be written as:
rga= (D+F (23)

P?(q = 0; (24)

where ( t) 2 D? is the sameasthat in equation (19) and is the Lagrange multiplier enforcing the
constraint.
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It is known, e.g.,see[9, 17] that equation (23) can be written as:
€qa=P(Y); (25)
where € is the ane connectiongiven by
BxY =r1xY+rx P?(Y) P?(rxY): (26)

We refer to the ane connection € asthe constraint connection. Typically, the connection € is
only applied to the vector elds that belongto D. A short computation shaws that for Y 2 D:

€xY =P(rxY) (27)

The last expressionallows us to evaluate €x Y directly and thus avoid signi cant amount of
computation neededto explicitly compute € from equation (26). Also, by choosing a basisfor D,
we can directly derive equation (22) from (25).

The important implication of this result is that even when a systemis subject to holonomic or
nonholonomic constraints it is indeed possibleto write the equations of motion in the form (17).
In every casethe systemsewlve over the samemanifold Q but they are described with dierent
ane connections. This obsenation hasimportant implications for cortrol of medanical systems
in general and methods dewveloped for the systemsin the form (17) can be quite often directly
applied to systemswith constraints.

4 Impact equations

Quite often, robot systemsundergoimpacts asthey move. A typical example are walking robots,
but impacts also commonly occur during manipulation and assenbly. In order to analyze and
e ectively control sudh systemsit is necessaryto have a systematic procedure for deriving the
impact equations. We describe a model for elastic and plastic impacts.
In order to derive the impact equationsrecall that the Euler-Lagrangeequations(10) are derived
from the Lagrange-d'Alemtert principle. First, for agivenC? curve :[a;b]! Q, de ne avariation
:( ;) [ajb! Q,aC? map with the properties:

@ (©Ot)= (b);
(i) (s;a)= (a), (s;b= (b).
Let gq= (;’—S _, (s;t). Note that qis avector eld along . A curve (t) satis es the Lagrange-
d'Alembert Principle for the force Y and the Lagrangian L(q; q) if for every variation (s;t):
d ’ bL (S't)'E (s;t) dt+ ‘ th' g dt= 0 (28)
ds .y, a Tdt a '

Now assumea robot moving on a submanifold M;  Q beforethe impact, on M,  Q after the
impact, with the impact occurring ona M3 Q, whereM3z Mj; and M3  M,. Typically, we
would have M; = M, when the systembounceso Mj (impact with somedegreeof restitution),
or M, = M3z M; for a plastic impact. Assumethat M; = ' ; 1(0), where' ; : Q! RP. In other
words, we assumethat 0 is a regular value of ' ; and that the submanifold M; correspondsto the
zerosetof ' ;. The value p; is the co-dimensionof the submanifold M;. Let bethe time at which
the impact occurs. A direct application of (28) leadsto the following equation:

Zy Zy

. a a
— dt hy; dt —_— —_—
. @ daa@ T, MY g a@,..

@ da

g, =0
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Giventhat qis arbitrary, the rst two terms would yield the constrained Euler-Lagrangeequations
(20). The impact equations can be derived from the last term:

@ Q@ .

— — . =0 29

@_t: @_t: + qlt_ ( )
Since (s; )2 M3, wehaved' 3 ¢j,- = 0. Equation (29) thus implies:

Q Q@

— — 2 spand' 3: 30

@, @, . p 3 (30)

The expression%l can be recognizedasthe momertum. Equation (30) thus leadsto the expected
geometric interpretation: the momertum of the systemduring the impact can only changein the
directions \p erpendicular" to the surfaceon which the impact occurs. _

Let ' 3;:::;" £ bethe componerts of ' 3, and let grad' 4 be the gradiernt of ' §;. Obsene that

h%@f‘l;q);Vi = ling; Vii. Equation (30) can be therefore written as:

NS _
(- U= ) = 3 grad' 4: (31)

In the caseof a bounce,the equation suggeststhat the velocity in the direction orthogonal (with
respect to the Riemannian metric M) to the impact surfaceundergoesthe change;the amourt of
change dependson the coe cien t of restitution. In the caseof plastic impact, the velocity should
be orthogonally (again, with respect to the metric M) projected to the impact surface. In other
words, using appropriate geometric tools the impact can indeed be given the interpretation that
agreeswith the simple setting typically taught in the introductory physics courses.

5 Bibliographic remarks

The literature on robot dynamics is vast and the following list is just a small sample. A good
starting point to learn about robot kinematics and dynamics are many excellert robotics textb ooks
[3, 10, 21, 26, 29]. The earliest formulations of the Lagrange equations of motions for robot
manipulators are usually consideredto be [32] and [15]. Computationally e cien t proceduresfor
numerically formulating dynamic equations of serial manipulators using Newton-Euler formalism
are described in [19, 22, 30], and in Lagrange formalism in [14]. A comparison betweenthe two
approadesis given in [28]. Thesealgorithms have beengeneralizedto more complex structures in
[4, 12, 18]. A good review of robot dynamics algorithms is [13]. Di eren tial geometric aspects of
modeling and corntrol of mechanical systemsare the subject of [1, 6, 9, 20, 27]. Classicaldynamics
algorithms are recast using di eren tial geometric tools in [31] and [24] for serial linkages,and in
[25] for linkagescontaining closedkinematic chains. Control and passivity of robot manipulators
and electromedtanical systemsare discussedin [2, 23]. Impacts are extensively studied in [8]. An
interesting analysisis also preseried in [16].

6 Conclusion

The chapter givesan overview of the Lagrange formalism for deriving the dynamic equations for
robotic systems. The emphasisis on the geometric interpretation of the classicalresults as suct
interpretation leadsto a very intuitiv e and compact treatment of constraints and impacts. We
start by providing a brief overview of kinematics of serial chains. Rigid-body transformations
are described with exponertial coordinates; the product of exponertials formula is the basis for
deriving forward kinematics map and for the velocity analysis. The chosenformalism allows us to
provide a direct mathematical interpretation to many classicalnotions from screwcalculus. Euler-
Lagrange equationsfor serial linkagesare preseried next. First, they are stated in the traditional

13



coordinate form. The equationsare then rewritten in the Riemannian setting using the concept of
ane connections. This form of Euler-Lagrange equations enablesus to highlight their variational
nature. Next, we study systemswith constraints. Again, the constrained Euler-Lagrangeequations
are rst preseried in their coordinate form. We then shov how they can be rewritten using the
conceptof a constraint connection. The remarkable outcome of this procedureis that the equations
describingsystemswith constraints have exactly the sameform asthosefor unconstrained systems,
what changesis the ane connectionthat is used. We concludethe chapter with a derivation of
equations for systemsthat undergo impacts. Using geometric tools we shov that the impact
equations have a natural interpretation asa linear velocity projection on the tangent spaceof the
impact manifold.
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