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The motion of a mechanical system is related via a set of dynamic equations to the forcesand
torques it is subject to. In this work we will be primarily interested in robots consisting of a col-
lection of rigid links connectedthrough joints that constrain the relative motion betweenthe links.
There are two main formalisms for deriving the dynamic equations for such mechanical systems:
(1) Newton-Euler equations that are directly based on Newton's laws, and (2) Euler-Lagrange
equations that have their root in the classical work of d'Alembert and Lagrange on analytical
mechanics and in the work of Euler and Hamilton on variational calculus. The main di�erence
between the two approaches is in dealing with constraints. While Newton's equations treat each
rigid body separately and explicitly model the constraints through the forces required to enforce
them, Lagrange and d'Alembert provided systematic proceduresfor eliminating the constraints
from the dynamic equations,typically yielding a simpler systemof equations. Constraints imposed
by joints and by other mechanical components are one of the de�ning features of robots so that
it is not surprising that the Lagrange's formalism is often the method of choice in the robotics
literature.

1 Preliminaries

The approach and the notation in this section are inspired by [21] and we refer the reader to that
text for a additional details. A starting point in describing a physical system is the formalism for
describing its motion. Sincewe will be concernedwith robots consisting of rigid links, we start by
describing rigid body motion. Formally, a rigid body O is a subsetof R3 where each element in O
correspondsto a point on the rigid body. The de�ning property of a rigid body is that the distance
betweenarbitrary two points on the rigid body remains unchangedas the rigid body moves. If a
body-�xed coordinate frame B is attached to O, an arbitrary point p 2 O can be described by a
�xed vector pB . As a result, the position of any point on O is uniquely determined by the location
of the frame B. To describe the location of B in spacewe choosea global coordinate frame S. The
position and orientation of the frame B in the frame S is called the con�gur ation of O and can be
described by a 4 � 4 homogeneous matrix gSB :

gSB =
�

RSB dSB

0 1

�
; RSB 2 R3� 3; dSB 2 R3; RT

SBRSB = I 3; det(RSB ) = 1: (1)

Here I n denotesthe identit y matrix in Rn � n . The set of all possiblecon�gurations of O is known
as SE(3), the special Euclidean group of rigid body transformations in three dimensions. By the
above argument, SE(3) is equivalent to the set of homogeneousmatrices. It can be shown that
it is a matrix group as well as a smooth manifold and, therefore, a Lie group; for more details we
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refer to [11, 21]. It is convenient to denote matrices g 2 SE(3) by the pair (R; d) for R 2 SO(3)
and d 2 R3.

Given a point p 2 O described by a vector pB in the frame B, it is natural to ask what is the
corresponding vector in the frame S. From the de�nition of gSB we have

pS = gSBpB

where for a vector p 2 R3, the corresponding homogeneous vector p is de�ned as:

p =
�

p
1

�
:

The tangent spaceof SE(3) at g0 2 SE(3) is the vector spaceof matrices of the form _g(0),
where g(t) is a curve in SE(3) such that g(0) = g0. The tangent spaceof a Lie group at the group
identit y is called the Lie algebra of the Lie group. The Lie algebra of SE(3), denoted by se(3), is

se(3) =
��


 v
0 0

�
j 
 2 R3� 3; v 2 R3; 
 T = � 


�
: (2)

Elements of se(3) are called twists. Recall that a 3 � 3 skew-symmetric matrix 
 can be uniquely
identi�ed with a vector ! 2 R3 so that for an arbitrary vector x 2 R3, 
 x = ! � x, where � is the
vector crossproduct operation in R3. Each element T 2 se(3) can be thus identi�ed with a 6 � 1
vector

� =
�

v
!

�
;

called the twist coordinates of T. We also write 
 = b! and T = b� to denote these transitions
betweenvectors and matrices.

An important relation betweenthe Lie group and its Lie algebra is provided by the exponential
map. It can be shown that for b� 2 se(3), exp(b� ) 2 SE(3), where exp : Rn � n ! Rn � n is the usual
matrix exponential. Using the properties of SE(3) it can be shown that, for � T =

�
vT ! T

�
,

exp(b� ) =

8
>>>><

>>>>:

"
I 3 v
0 1

#

; ! = 0;
"

exp(b! ) 1
k! k2

�
(I 3 � exp(b! ))( ! � v) + ! ! T v

�

0 1

#

; ! 6= 0;

(3)

where the relation

exp(b! ) = I 3 +
sink! k

k! k
b! +

1 � cosk! k
k! k2 b! 2;

is known as Rodrigues' formula. From the last formula it is easyto seethat the exponential map
exp : se(3) ! SE(3) is many to one. It can be shown that the map is in fact onto . In other words,
every matrix g 2 SE(3) can be written as g = exp(b� ) for someb� 2 se(3). The components of � are
also called exponential coordinates of g.

To every twist � T =
�

vT ! T
�
, ! 6= 0, we can associate a triple (l ; h; M ) called the screw

associated with b� , where we de�ne l = f p + �! 2 R3j p 2 R3; � 2 Rg, h 2 R, and M 2 R so that
the following relations hold:

M = k! k; v = � ! � p + h! :

Note that l is the line in R3 in the direction of ! passingthrough the point p 2 R3. If ! = 0, the
corresponding screw is (l ; 1 ; kvk), where l = f �v 2 R3j � 2 Rg. In this way, the exponential map
can be given an interesting geometric interpretation: if g = exp(b� ) with ! 6= 0, then the rigid body
transformation represented by g can be realized as a rotation around the line l by the angle M
followed by a translation in the direction of this line for the distance hM . If ! = 0 and v 6= 0, the
rigid body transformation is simply a translation in the direction of v

kvk for a distanceM . The line
l is the axis, h is the pitch and M is the magnitude of the screw. This geometric interpretation and
the fact that every element g 2 SE(3) can be written as the exponential of a twist is the essence
of ChaslesTheorem.
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1.1 Velocities and forces

We have seenthat SE(3) is the con�guration spaceof a rigid body O. By considering a rigid
body moving in space,a more intuitiv e interpretation can be also given to se(3). At every instant
t, the con�guration of O is given by gSB(t) 2 SE(3). The map t 7! gSB(t) is therefore a curve
representing the motion of the rigid body. The time derivative _gSB = d

dt gSB corresponds to the
velocity of the rigid body motion. However, the matrix curve t 7! _gSB does not allow an easy
geometric interpretation. Instead, it is not di�cult to show that the matrices bV b

SB = g� 1
SB _gSB and

bV s
SB = _gSBg� 1

SB take values in se(3). The matrices bV b
SB and bV s

SB are called the body and spatial
velocity, respectively, of the rigid body motion. Their twist coordinates will be denotedby V b

SB and
V s

SB . Assumea point p 2 O has coordinates pS and pB in the spatial frame and in the body frame,
respectively. As the rigid body movesalong the tra jectory t 7! gSB (t), a direct computation shows
that the velocity of the point can be computed by _pS = bV s

SBpS or, alternativ ely, _pB = bV b
SB pB .

The body and spatial velocities are related by

V s
SB = AdgSB V b

SB

where for g = (R; d) 2 SE(3), the adjoint transformation Adg : R6 ! R6 is

Adg =
�

R bdR
0 R

�
:

In general, if b� 2 se(3) is a twist with twist coordinates � 2 R6, then for any g 2 SE(3) the twist
gb� g� 1 has twist coordinates Adg � 2 R6.

Quite often it is necessaryto relate the velocity computed in oneset of framesto that computed
with respect to a di�eren t set of frames. Let X , Y , and Z be three coordinate frames. Let gXY

and gYZ be the homogeneousmatrices relating the Y to the X frame and the Z to the Y frame,
respectively. Let V s

XY = _gX Y g� 1
XY and V b

XY = g� 1
X Y _gXY be the spatial velocity and the body velocity of

the frame Y with respect to the frame X , respectively; de�ne V s
X Z , V s

Y Z , V b
X Z , and V b

XZ analogously.
The following relations can be veri�ed by a direct calculation:

V s
XZ = V s

X Y + AdgXY V s
Y Z ;

V b
XZ = Ad � 1

gYZ
V b

X Y + V b
Y Z :

(4)

In the last equation, Ad � 1 is the inverseof the adjoint transformation and can be computed using
the formula Ad � 1

g = Adg� 1 , for g 2 SE(3).
The body and spatial velocities are in generaltime dependent. Take the spatial velocity V s

SB (t)
at time t and considerthe screw(l ; h; M ) associated with it. We can show that at this time instant
t, the rigid body is moving with the samevelocity as if it were rotating around the screw axis l
with a constant rotational velocity of magnitude M , and translating along this axis with a constant
translational velocity of magnitude hM . If h = 1 , then the motion is a pure translation in the
direction of l with velocity M . A similar interpretation can be given to V s

SB (t).
The above arguments show that elements of the Lie algebra se(3) can be interpreted as gen-

eralized velocities. It tuns out that the elements of its dual se� (3), known as wrenches, can be
interpreted as generalizedforces. The fact that the namestwist and wrench which originally de-
rived from the screw calculus [5] are used for elements of the Lie algebra and its dual is not just
a coincidence,the present treatment can be viewed as an alternativ e interpretation of the screw
calculus.

Using coordinatesdual to the twist coordinates, a wrench canbewritten asa pair F =
�

f �
�
,

where f is the force component and � the torque component. Given a twist V T =
�

vT ! T
�
, for

v; ! 2 R3� 1, and a wrench F =
�

f �
�
, for f ; � 2 R1� 3, the natural pairing hW ; F i = f v + � ! is

a scalar representing the instantaneous work performed by the generalizedforce F on a rigid body
that is instantaneously moving with the generalizedvelocity V . In computing the instantaneous
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work, it is important to considergeneralizedforce and velocity with respect to the samecoordinate
frame.

As was the casewith the twists, we can also associate a screw to a wrench. Given a wrench
F =

�
f �

�
, f 6= 0, the associated screw(l ; h; M ) is given by l = f p + �f 2 R3j p 2 R3; � 2 Rg

and by:

M = kf k; � = � f � p + hf :

For f = 0, the screwis (l ; 1 ; k� k), where l = f �� 2 R3j � 2 Rg. Geometrically, a wrench with the
associated screw(l ; h; M ) corresponds to a force with magnitude M applied in the direction of the
screw axis l and a torque with magnitude hM applied about this axis. If f = 0 and � 6= 0, then
the wrench is a pure torque of magnitude M applied around l. The fact that every wrench can be
interpreted in this way is known as Poinsot Theorem. Note the similarit y with ChaslesTheorem.

1.2 Kinematics of serial link ages

A serial linkage consists of a sequenceof rigid bodies connected through one degree-of-freedom
(DOF) revolute or prismatic joints; a multi-DOF joint can be modeled as a sequenceof individual
1-DOF joints. To uniquely describe the position of such a serial linkageit is only necessaryto know
the joint variables, i.e., the angle of rotation for a revolute joint or the linear displacement for a
prismatic joint. Typically it is then of interest to know the con�guration of the links as a function
of these joint variables. One of the links is typically designatedas the end-e�ector, the link that
carries the tool involved in the robot task. For serial manipulators, the end-e�ector is the last link
of the mechanism. The map from the joint spaceto the end-e�ector con�guration spaceis known
as the forward kinematics map. We will usethe term extended forward kinematics map to denote
the map from the joint spaceto the Cartesian product of the con�guration spacesof each of the
links.

The con�guration spacesof a revolute and of a prismatic joint are connectedsubsetsof the unit
circle S1 and of the real line R, respectively. For simplicit y, we shall assumethat theseconnected
subsetsare S1 and R, respectively. If a mechanism with n joints has r revolute and p = n � r
prismatic joints, its con�guration spaceis Q = Sr � Rp, where Sr = S1 � � � � � S1

| {z }
r

. Assume the

coordinate framesattached to the individual links are B 1; : : : ; Bn . The con�guration spaceof each
of the links is SE(3), so the extended forward kinematics map is:

� : Q ! SE n (3)
q 7! (gSB1 (q); : : : ; gSBn (q)) :

(5)

We shall call SE n (3) the Cartesian space.
For serial linkagesthe forward kinematics map has a particularly revealing form. Choose a

reference con�gur ation of the manipulator, i.e. the con�guration where all the joint variables are
0, and let � 1; : : : ; � n , be the joint twists in this con�guration expressedin the global coordinate
frame S. If the i th joint is revolute and l = f p + �! 2 R3j � 2 R; k! k = 1g is the axis of rotation,
then the joint twist corresponds to the screw(l ; 0; 1) and is:

� i =
�

� ! � p
!

�
: (6)

If the i th joint is prismatic and v 2 R3, kvk = 1, is the direction in which it moves, then the joint
twist corresponds to the screw(f �v 2 R3j � 2 Rg; 1 ; 1) and is:

� i =
�

v
0

�
:

One can show that
gSB i (q) = exp(� 1q1) � � � exp(� i qi )gSB i ;0 (7)

4



where gSB i ;0 2 SE(3) is the referencecon�guration of the i th link. This is known as the Product
of Exponentials Formula and was intro duced by Brockett [7].

Another important relation is that betweenthe joint rates and the link body and spatial veloc-
ities. A direct computation shows that along a curve t 7! q(t),

V s
SB i

(t) = J s
SB i

(q(t)) _q(t)

whereJ s
SB i

is a con�guration-dep endent 6� n matrix, called the spatial manipulator Jacobian, that
for serial linkagesequals

J s
SB i

(q) =
�

� S;1(q) : : : � S;i (q) 0 : : : 0
�

:

Here the j th column � S;j (q) of the spatial manipulator Jacobian is the j th joint twist expressedin
the global referenceframe S after the manipulator has moved to the con�guration described by q.
It can be computed from the forward kinematics map using the formula:

� S;j (q) = Ad (exp( � 1 q1 ) ��� exp( � j � 1 qj � 1 )) � j :

Similar expressionscan be obtained for the body velocity

V b
SB i

(t) = J b
SB i

(q(t)) _q(t); (8)

whereJ b
SB i

is a con�guration-dep endent 6� n body manipulator Jacobian matrix. For serial linkages,

J b
SB i

(q) =
�

� B i ;1(q) : : : � B i ;i (q) 0 : : : 0
�

; (9)

where the j th column � B i ;j (q); j � i is the j th joint twist expressedin the link frame B i after the
manipulator has moved to the con�guration described by q and is given by:

� B i ;j (q) = Ad � 1
(exp ( � j qj ) ��� exp( � i qi )gSBi ; 0 ) � j :

2 Dynamic equations

In this section we continue our study of mechanisms composedof rigid links connectedthrough
prismatic or revolute joints. One way to describe a system of interconnected rigid bodies is to
describe each of the bodies independently and then explicitly model the joints between them
through the constraint forces. Since the con�guration spaceof a rigid body is SE(3), a robot
manipulator with n links would be described with 6n parameters. Newton's equations can be
then directly usedto describe robot dynamics. An alternativ e is to usegeneralized coordinates and
describe just the degreesof freedomof the mechanism. As discussedearlier, for a robot manipulator
composedof n links connectedthrough 1-DOF joints the generalizedcoordinates can be chosento
be the joint variables. In this casen parametersare therefore su�cien t. The Lagrange-d'Alembert
Principle can then be used to derive the Euler-Lagrange equations describing the dynamics of
the mechanism in generalizedcoordinates. Becauseof the dramatic reduction in the number of
parametersdescribingthe systemthis approach is often preferable. We shall describe this approach
in somedetail.

The Euler-Lagrangeequationsare derived directly from the energyexpressedin the generalized
coordinates. Let q be the vector of generalizedcoordinates. We �rst form the systemLagrangian as
the di�erence betweenthe kinetic and the potential energiesof the system. For typical manipulators
the Lagrangian function is

L (q; _q) = T(q; _q) � V (q);

whereT(q; _q) is the kinetic energyand V(q) the potential energyof the system. The Euler-Lagrange
equationsdescribing the dynamics for each of the generalizedcoordinates are then

d
dt

@L
@_qi �

@L
@qi = Yi ; (10)

where Yi is the generalized force corresponding to the generalizedcoordinate qi . The subject of
the following discussionis study theseequationsin the context of a single rigid body and of a rigid
linkage.

5



2.1 Inertial prop erties of a rigid body

In order to apply the Lagrange'sformalism to a rigid body O we needto compute its Lagrangian
function. Assumethat the body-�xed frame B is attached to the center of massof the rigid body.
The kinetic energyof the rigid body is the sum of the kinetic energyof all its particles. Therefore,
it can be computed as

T =
Z

O

1
2

k _pk2dm =
Z

O

1
2

k _pSk2� (pS)dV

where � is the body density and dV is the volume element in R3. If (RSB; dSB ) 2 SE(3) is the rigid
body con�guration, the equality pS = RSB pB + dSB and somemanipulations lead to

T =
1
2

mk _dSBk2 +
1
2

(! b
SB)T

�
�

Z

O
bp2

B � (pB )dV
�

! b
SB (11)

where m is the total massof the rigid body and bpB is the skew-symmetric matrix corresponding
to the vector pB . The formula shows that the kinetic energy is the sum of two terms referred to as
the translational and the rotational components. The quantit y I = �

R
O cpB

2� (pB )dV is the inertia
tensor of the rigid body; one can show that I is a symmetric positive-de�nite 3 � 3 matrix. By
de�ning the generalized inertia matrix

M =
�

mI 3 0
0 I

�
;

the kinetic energycan be written as

T =
1
2

�
V b

SB

� T
M V b

SB; (12)

where V b
SB is the body velocity of the rigid body.

Equation (12) can be used to obtain the expressionfor the generalizedinertia matrix when
the body-�xed frame is not at the center of mass. Assume that gAB = (RA ; dA ) 2 SE(3) is the
transformation between the frame A attached to the center of mass of the rigid body and the
body-�xed frame B. According to equation (4), V b

SA = AdgAB V b
SB. We thus have

T =
1
2

(V b
SA )T M A V b

SA =
1
2

�
AdgAB V b

SB

� T
M

�
AdgAB V b

SB

�
=

�
V b

SB

� T
M B V b

SB;

where M B is the generalizedinertia matrix with respect to the body-�xed frame B:

M B = (Ad gAB )T M A AdgAB =

"
mI 3 mRT

A
bdA RA

� mRT
A

bdA RA RT
A

�
I � m bd2

A

�
RA

#

:

By observing that gBA = g� 1
AB = (RB ; dB ), where RB = RT

A and dB = � RT
A dA , M B can be written

as:

M B =

"
mI 3 � m bdB

m bdB RB I RT
B � bd2

B

#

:

2.2 Euler-Lagrange equations for rigid link ages

To obtain the expressionfor the kinetic energyof a linkagecomposedof n rigid bodies, we needto
add the kinetic energyof each of the links:

T =
nX

i =1

Ti =
1
2

nX

i =1

(V b
SB i

)T M B i V
b

SB i
:
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Using the relation (8), this becomes

T =
nX

i =1

1
2

(J b
SB i

_q)T M B i J
b
SB i

_q =
1
2

_qT M (q) _q;

where

M (q) =
nX

i =1

(J b
SB i

)T M B i J
b
SB i

is the manipulator inertia matrix . For serial manipulators, the body manipulator Jacobian J b
SB i

is
given by equation (9).

The potential energy of the linkagetypically consistsof the sum of the gravitational potential
energiesof each of the links. Let hi (q) denote the height of the center of massof the i th link. The
potential energyof the link is then Vi (q) = m i ghi (q), and the potential energyof the linkageis:

V (q) =
nX

i =1

mi ghi (q):

If other conservative forces act on the manipulator, the corresponding potential energy can be
simply added to V .

The Lagrangian for the manipulator is the di�erence betweenthe kinetic and potential energies,
that is,

L (q; _q) =
1
2

_qT M (q) _q � V (q) =
1
2

nX

i;j =1

M ij (q) _qi _qj � V (q)

where M ij (q) is the component (i; j ) of the manipulator inertia matrix at q. Substituting these
expressionsinto the Euler-Lagrangeequations (10) we obtain:

nX

j =1

M ij (q) •qj +
nX

j ;k =1

� ij k (q) _qj _qk +
@V
@qi (q) = Yi ; i 2 f 1; : : : ; ng;

where the functions � ij k are the Christo�el symbols (of the �rst kind) of the inertia matrix M and
are de�ned by

� ij k (q) =
1
2

�
@M ij (q)

@qk +
@M ik (q)

@qj �
@M j k (q)

@qi

�
: (13)

Collecting the equations in a vector format, we obtain

M (q) •q + C(q; _q) _q + G(q) = Y; (14)

where C(q; _q) is the Coriolis matrix for the manipulator with components

Cij (q; _q) =
nX

k=1

� ij k (q) _qk ;

and where Gi (q) = @V
@qi (q). Equation (14) suggeststhat the robot dynamics consists of four

components: the inertial forcesM (q) •q, the Coriolis and centrifugal forces C(q; _q) _q, the conservative
forcesG(q) and the generalizedforce Y composedof all the non-conservative external forcesacting
on the manipulator. The Coriolis and centrifugal forcesdepend quadratically on the generalized
velocities _qi and re
ect the inter-link dynamic interactions. Traditionally , terms involving products
_qi _qj ; i 6= j are called Coriolis forces,while centrifugal forceshave terms of the form ( _qi )2.

A direct calculation can be usedto show that the robot dynamics has the following two prop-
erties [29]. For all q 2 Q

(i) the manipulator inertia matrix M (q) is symmetric and positive-de�nite, and
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(ii) the matrix
�

_M (q) � 2C(q; _q)
�

2 Rn � n is skew-symmetric.

The �rst property is a mathematical statement of the following fact: the kinetic energyof a system
is a quadratic form which is positive unlessthe systemis at rest. The secondproperty is referred to
as the passivity property of rigid linkages;this property implies that the total energyof the system
is conserved in the absenceof friction. The property plays an important role in stabilit y analysis
of many robot control schemes.

2.3 Generalized force computation

Given a con�guration manifold Q, the tangent bundle is the set TQ = f (q; _q)j q 2 Qg. The La-
grangian is formally a real-valued map on the tangent bundle, L : TQ ! R. Recall that, given a
scalar function on a vector space,its partial derivative is a map from the dual spaceto the reals.
Similarly, it is possibleto interpret the partial derivatives @L

@q and @L
@_q as functions taking valuesin

the dual of the tangent bundle, T � Q. Accordingly, the Euler-Lagrangeequations in vector form

d
dt

@L
@_q

�
@L
@q

= Y

can be interpreted as an equality on T � Q. The external force Y is thus formally a one-form, i.e.,
a map Y : Q ! T � Q. We let Yi denote the i th component of Y . Roughly speaking, Yi is the
component of generalizedforce Y that directly a�ects the coordinate qi . In what follows we derive
an expressionfor the generalizedforce Yi as a function of the wrenches acting on the individual
links.

Let us start by intro ducing two useful concepts. Recall that given two manifolds Q1 and Q2

and a smooth map � : Q1 ! Q2, the tangent map T� : TQ1 ! TQ2 is a linear function that
maps tangent vectors from TqQ1 to T� (q) Q2. If X 2 TqQ1 is a tangent vector and 
 : R ! Q1 is a
smooth curve tangent to X at q, then T� (X ) is the vector tangent to the curve � � 
 at � (q). In
coordinates this linear map is the Jacobian matrix of � . Given a one-form ! on Q2, the pull-back
of ! is the one-form (� � ! ) on Q1 de�ned by

h(� � ! )(q); X i = h! ; Tq� (X )i

for all q 2 Q1 and X 2 TqQ1.
Now considera linkageconsisting of n rigid bodies with the con�guration spaceQ. Recall that

the extendedforward kinematics function � : Q ! SE n (3) from equation (5) mapsa con�guration
q 2 Q to the con�guration of each of the links, i.e., to a vector (gSB1 (q); : : : ; gSBn (q)) in the
Cartesian spaceSE n (3). Forcesand velocities in the Cartesian spaceare described as twists and
wrenches;they are thus elements of sen (3) and se� n (3), respectively. Let Wi be the wrench acting
on the i th link. The total force in the Cartesian spaceis thus W = (W1; : : : ; Wn ). The generalized
force Yi is the component of the total con�guration spaceforce Y in the direction of qi . Formally,
Yi = hY ; @

@qi i , where @
@qi is the i th coordinate vector �eld.

It turns out that the total con�guration spaceforce Y is the pull-back of the total Cartesian
spaceforce W to T � Q through the extended forward kinematics map, i.e.,

Y = � � (W ):

Using this relation and the de�nition of the pull-back we thus have

Yi (q) =


Y (q);

@
@qi

�
=



W (� (q)); Tq�

� @
@qi

� �
: (15)

It is well establishedthat in the absenceof external forces,the generalizedforce Yi is the torque
applied at the i th joint it the joint is revolute and the force applied at the i th joint if the joint is
prismatic; let us formally derive this result using equation (15). Consider a serial linkagewith the

8



forward kinematics map given by (7). Assumethat the i th joint connecting (i � 1)th and i th link
is revolute and let � i be the torque applied at the joint. At q 2 Q, we compute

Tq�
� @

@qj

�
= (0; : : : ; 0

| {z }
j � 1

; � S;j (q); : : : ; � S;j (q)) ;

where � S;j (q) is de�ned by equation (6) and it is the unit twist corresponding to a rotation about
the j th joint axis. The wrench in the Cartesian spaceresulting from the torque � i acting along
the i th joint axis is W = � i (0; : : : ; 0

| {z }
i � 2

; � � S;i (q); � S;i (q); 0; : : : ; 0), where � S;i (q) is the unit wrench

corresponding to a torque about the i th joint axis. It is then easyto check that W results in

Yj =

(
0; j 6= i;
� i ; j = i:

2.4 Geometric in terpretation

Additional di�eren tial geometric insight into the dynamics can be gained by observing that the
kinetic energy provides a Riemannian metric on the con�guration manifold Q, i.e., a smoothly
changing rule for computing the inner product betweentangent vectors. Recall that, given (q; _q) 2
TQ, the kinetic energy of a manipulator is T(q; _q) = 1

2 _qT M (q) _q, where M (q) is a positive-de�nite
matrix. If we have two vectors v1; v2 2 TqQ, we can thus de�ne their inner product by hhv1 ; v2ii =
1
2 (v1)T M (q)v2. Physical properties of a manipulator guarantee that M (q) and thus the rule for
computing the inner product changessmoothly over Q. For additional material on this section we
refer to [11].

Given two smooth vector �elds X and Y on Q, the covariant derivative of Y with respect to
X is the vector �eld r X Y with coordinates

(r X Y) i =
@Y i

@qj X j + b� i
j k X j Y k ;

where X i and Y j are the i th and j th component of X and Y , respectively. The operator r is
called an a�ne connection and it is determined by the n3 functions b� i

j k . A direct calculation shows
that for real valued functions f and g de�ned over Q, and vector �elds X , Y and Z :

r f X + gY Z = f r X Z + gr Y Z;

r X (Y + Z ) = r X Y + r X Z;

r X (f Y ) = f r X Y + X (f )Y;

where in coordinates, X (f ) =
P n

i =1
@f
@qi X i .

When the functions b� i
j k are computed according to

b� i
j k (q) =

1
2

nX

l =1

M l i
�

@M l j (q)
@qk +

@M l k (q)
@qj �

@M j k (q)
@ql

�
(16)

whereM l i (q) are the components of M � 1(q), they are called the Christo�el symbols (of the second
kind) of the Riemannian metric M , and the a�ne connection is called the Levi-Civita connection.
From equations (13) and (16) it is easyto seethat for a Levi-Civita connection,

� ij k =
nX

l =1

M l i b� l
j k :

9



Assume that the potential forces are not present so that L (q; _q) = T(q; _q). The manipulator
dynamics equations (14) can be thus written as:

•q + M � 1(q)C(q; _q) _q = M � 1(q)Y:

It can be seenthat the last equation can be written in coordinates as

•qi + b� i
j k (q) _qj _qk = F i ;

and in vector format as
r _q _q = F; (17)

where r is the Levi-Civita connection corresponding to M (q) and F = M � 1(q)Y is the vector
�eld obtained from the one-form Y through the identit y hY ; X i = hhF ; X ii . In the absenceof
the external forces, equation (17) becomesthe so-calledgeodesic equation for the metric M . It
is a secondorder di�eren tial equation whosesolutions are curves of locally minimal length { like
straight lines in Rn or great circles on a sphere. It can be also shown that among all the curves

 : [0; 1] ! Q that connect two given points, a geodesic is the curve that minimizes the energy
integral:

E (
 ) =
Z 1

0
T(
 (t); _
 (t))dt:

This geometric insight implies that if a mechanical system moves freely with no external forces
present, it will move along the minimum energypaths.

When the potential energy is present, equation (17) still applies if the resulting conservative
forces are included in F . The one-form Y describing the conservative forces associated with the
potential energy V is the di�eren tial of V , that is, Y = � dV, where the di�er ential dV is de�ned
by hdV; X i = X (V ). The corresponding vector �eld F = � M � 1(q)dV is related to the notion
of gradient of V , speci�cally , F = � gradV . In coordinates, di�eren tial and gradient of V have
components

(dV) i =
@V
@qi ; and (grad V) i = M ij @V

@qj :

3 Constrained systems

One of the advantagesof Lagrange'sformalism is a systematic procedureto deal with constraints.
Generalizedcoordinates in themselvesare a way of dealing with constraints. For example,for robot
manipulators, joints limit the relative motion betweenthe links and thus represent constraints. We
can avoid modeling these constraints explicitly by choosing joint variables as generalizedcoordi-
nates. However, in robotics it is often necessaryto constrain the motion of the end-e�ector in
someway, model rolling of the wheelsof a mobile robot without slippage,or for exampletake into
account various conserved quantities for spacerobots. Constraints of this nature are external to
the robot itself so it is desirable to model them explicitly . Mathematically, a constraint can be
described by an equation of the form ' (q; _q) = 0, where q 2 Rn are the generalizedcoordinates
and ' : TQ ! Rm . However, there is a fundamental di�erence between constraints of the form
' (q) = 0, called holonomic constraints, and those where the dependenceon the generalizedve-
locities can not be eliminated through the integration, known as nonholonomic constraints. Also,
among the nonholonomic constraints only those that are linear in the generalizedvelocities turn
out to be interesting in practice. In other words, typical nonholonomic constraints are of the form
' (q; _q) = A(q) _q.

Holonomic constraints restrict the motion of the system to a submanifold of the con�guration
manifold Q. For nonholonomic constraints such a constraint manifold does not exist. However,
formally the holonomic and nonholonomicconstraints can be treated in the sameway by observing

10



that a holonomic constraints ' (q) = 0 can be di�eren tiated to obtain A(q) _q = 0, where A(q) =
@'
@q

2 Rm � n . The general form of constraints can be thus assumedto be:

A(q) _q = 0: (18)

We will assumethat A(q) has full rank everywhere.
Constraints are enforcedon the mechanical systemvia a constraint force. A typical assumption

is that the constraint force doesno work on the system. This excludesexamplessuch as the end-
e�ector sliding with friction along a constraint surface. With this assumption, the constraint force
must be at all times perpendicular to the velocity of the system (strictly speaking, it must be in
the annihilator of the set of admissible velocities). Since the velocity satis�es equation (18), the
constraint force, say �, will be of the form

� = AT (q)�; (19)

where � 2 Rm is a set of Lagrange multipliers. The constrained Euler-Lagrange equations thus
take the form:

d
dt

@L
@_q

�
@L
@q

= Y + AT (q)�: (20)

Theseequations, together with the constraints (18), determine all the unknown quantities (either
Y and � if the motion of the system is given, or tra jectories for q and � if Y is given).

Several methods can be used to eliminate the Lagrange multipliers and simplify the set of
equations (18)-(20). For example, let S(q) be a matrix whosecolumns are the basis of the null-
spaceof A(q). Thus we can write:

_q = S(q)� (21)

for somevector � 2 Rn � m . The components of � are called pseudo-velocities. Now multiply (20)
on the left with ST (q) and useequation (21) to eliminate _q. The dynamic equations then become:

ST (q)M (q)S(q) _� + ST (q)M (q)
@S(q)

@q
S(q)� + ST (q)C(q; S(q)� ) + ST (q)G(q) = ST (q)Y: (22)

The last equation together with equation (21) then completely describes the system subject to
constraints. Sometimes, such procedures are also known as embedding of constraints into the
dynamic equations.

3.1 Geometric in terpretation

The constrainedEuler-Lagrangeequation can alsobe given an interesting geometric interpretation.
As we did in Section 2.4, consider a manifold Q with the Riemannian metric M . Equation (18)
only allows the system to move in the directions given by the null-space of A(q). Geometrically,
the velocity of the system at each point q 2 Q must lie in the subset D(q) = A(q) of the tangent
spaceTqQ. Formally, D = [ q2 Q D(q) is a distribution on Q. For obvious reasons,this distribution
will be called the constraint distribution . Note that given a constraint distribution D, equation
(18) simply becomes_q 2 D(q).

Let P : TQ ! D denote the orthogonal (with respect to the metric M ) projection onto the
distribution of feasiblevelocities D. In other words, at each q 2 Q, P(q) mapsTqQ into D(q) � TqQ.
Let D? denote the orthogonal complement to D with respect to the metric M and let P ? = I � P,
where I is the identit y map on TQ. Geometrically, the equations (18) and (20) can be written as:

r _q _q = �( t) + F; (23)

P? ( _q) = 0; (24)

where �( t) 2 D? is the sameas that in equation (19) and is the Lagrangemultiplier enforcing the
constraint.
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It is known, e.g., see[9, 17] that equation (23) can be written as:

er _q _q = P(Y); (25)

where er is the a�ne connection given by

er X Y = r X Y + r X
�
P? (Y )

�
� P? (r X Y): (26)

We refer to the a�ne connection er as the constraint connection. Typically, the connection er is
only applied to the vector �elds that belong to D. A short computation shows that for Y 2 D:

er X Y = P(r X Y) (27)

The last expressionallows us to evaluate er X Y directly and thus avoid signi�cant amount of
computation neededto explicitly compute er from equation (26). Also, by choosing a basis for D,
we can directly derive equation (22) from (25).

The important implication of this result is that even when a system is subject to holonomic or
nonholonomic constraints it is indeed possibleto write the equations of motion in the form (17).
In every casethe systemsevolve over the samemanifold Q but they are described with di�eren t
a�ne connections. This observation has important implications for control of mechanical systems
in general and methods developed for the systems in the form (17) can be quite often directly
applied to systemswith constraints.

4 Impact equations

Quite often, robot systemsundergo impacts as they move. A typical exampleare walking robots,
but impacts also commonly occur during manipulation and assembly. In order to analyze and
e�ectiv ely control such systems it is necessaryto have a systematic procedure for deriving the
impact equations. We describe a model for elastic and plastic impacts.

In order to derive the impact equationsrecall that the Euler-Lagrangeequations(10) arederived
from the Lagrange-d'Alembert principle. First, for a givenC2 curve 
 : [a; b] ! Q, de�ne a variation
� : (� �; � ) � [a; b] ! Q, a C2 map with the properties:

(i) � (0; t) = 
 (t);

(ii) � (s;a) = 
 (a), � (s;b) = 
 (b).

Let � q = d
ds

�
�
s=0 � (s; t). Note that � q is a vector �eld along 
 . A curve 
 (t) satis�es the Lagrange-

d'Alembert Principle for the force Y and the Lagrangian L(q; _q) if for every variation � (s; t):

d
ds

�
�
�
�
s=0

Z b

a
L

�
� (s; t);

d
dt

� (s; t)
�

dt +
Z b

a
hY ; � qi dt = 0: (28)

Now assumea robot moving on a submanifold M 1 � Q beforethe impact, on M 2 � Q after the
impact, with the impact occurring on a M 3 � Q, where M 3 � M 1 and M 3 � M 2. Typically, we
would have M 1 = M 2 when the system bounceso� M 3 (impact with somedegreeof restitution),
or M 2 = M 3 � M 1 for a plastic impact. Assumethat M i = ' � 1

i (0), where ' i : Q ! Rpi . In other
words, we assumethat 0 is a regular value of ' i and that the submanifold M i corresponds to the
zeroset of ' i . The value pi is the co-dimensionof the submanifold M i . Let � be the time at which
the impact occurs. A direct application of (28) leadsto the following equation:

Z b

a

�
@L
@q

�
d
dt

@L
@_q

�
� q dt +

Z b

a
hY ; � qi dt +

�
@L
@_q

�
�
�
�
t = � �

�
@L
@_q

�
�
�
�
t = � +

�
� qjt = � = 0:
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Given that � q is arbitrary , the �rst two terms would yield the constrainedEuler-Lagrangeequations
(20). The impact equationscan be derived from the last term:

�
@L
@_q

�
�
�
�
t = � �

�
@L
@_q

�
�
�
�
t = � +

�
� qjt = � = 0: (29)

Since
 (s; � ) 2 M 3, we have d' 3 � � qjt = � = 0. Equation (29) thus implies:
�

@L
@_q

�
�
�
�
t = � �

�
@L
@_q

�
�
�
�
t = � +

�
2 spand' 3: (30)

The expression@L
@_q can be recognizedas the momentum. Equation (30) thus leadsto the expected

geometric interpretation: the momentum of the system during the impact can only change in the
directions \p erpendicular" to the surfaceon which the impact occurs.

Let ' 1
3; : : : ; ' p3

3 be the components of ' 3, and let grad ' j
3 be the gradient of ' j

3. Observe that
h@L (q; _q)

@_q ; V i = hh_q; V ii . Equation (30) can be therefore written as:

( _qjt = � � � _qjt = � + ) =
p3X

j =1

� 3j grad ' j
3: (31)

In the caseof a bounce, the equation suggeststhat the velocity in the direction orthogonal (with
respect to the Riemannian metric M ) to the impact surfaceundergoes the change; the amount of
changedependson the coe�cien t of restitution. In the caseof plastic impact, the velocity should
be orthogonally (again, with respect to the metric M ) projected to the impact surface. In other
words, using appropriate geometric tools the impact can indeed be given the interpretation that
agreeswith the simple setting typically taught in the intro ductory physics courses.

5 Bibliographic remarks

The literature on robot dynamics is vast and the following list is just a small sample. A good
starting point to learn about robot kinematics and dynamicsare many excellent robotics textb ooks
[3, 10, 21, 26, 29]. The earliest formulations of the Lagrange equations of motions for robot
manipulators are usually consideredto be [32] and [15]. Computationally e�cien t proceduresfor
numerically formulating dynamic equations of serial manipulators using Newton-Euler formalism
are described in [19, 22, 30], and in Lagrange formalism in [14]. A comparison between the two
approachesis given in [28]. Thesealgorithms have beengeneralizedto more complex structures in
[4, 12, 18]. A good review of robot dynamics algorithms is [13]. Di�eren tial geometric aspects of
modeling and control of mechanical systemsare the subject of [1, 6, 9, 20, 27]. Classicaldynamics
algorithms are recast using di�eren tial geometric tools in [31] and [24] for serial linkages,and in
[25] for linkagescontaining closedkinematic chains. Control and passivity of robot manipulators
and electromechanical systemsare discussedin [2, 23]. Impacts are extensively studied in [8]. An
interesting analysis is also presented in [16].

6 Conclusion

The chapter gives an overview of the Lagrange formalism for deriving the dynamic equations for
robotic systems. The emphasisis on the geometric interpretation of the classical results as such
interpretation leads to a very intuitiv e and compact treatment of constraints and impacts. We
start by providing a brief overview of kinematics of serial chains. Rigid-body transformations
are described with exponential coordinates; the product of exponentials formula is the basis for
deriving forward kinematics map and for the velocity analysis. The chosenformalism allows us to
provide a direct mathematical interpretation to many classicalnotions from screwcalculus. Euler-
Lagrangeequations for serial linkagesare presented next. First, they are stated in the traditional
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coordinate form. The equationsare then rewritten in the Riemannian setting using the conceptof
a�ne connections. This form of Euler-Lagrangeequationsenablesus to highlight their variational
nature. Next, we study systemswith constraints. Again, the constrainedEuler-Lagrangeequations
are �rst presented in their coordinate form. We then show how they can be rewritten using the
conceptof a constraint connection. The remarkable outcomeof this procedureis that the equations
describingsystemswith constraints have exactly the sameform asthosefor unconstrainedsystems,
what changesis the a�ne connection that is used. We conclude the chapter with a derivation of
equations for systems that undergo impacts. Using geometric tools we show that the impact
equationshave a natural interpretation as a linear velocity projection on the tangent spaceof the
impact manifold.
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