ACC 2006, Minneapolis, MN

Distributed deployment of asynchronous guards in art gaflerie

Anurag Ganguli Jorge Ca@zs Francesco Bullo

Abstract—This paper presents deployment algorithms for related to visibility-based pursuit-evasion problems B4,
multiple mobile robots with line-of-sight sensing and commu-  [5], although these works focus on single agents and not on
nication capabilities in a simple nonconvex polygonal environ-  jistributed policies for groups of agents.

ment. The objective of the proposed algorithms is to achieve . 2
full visibility of the environment. We solve the problem by Clearly, the solution to the visibility-based deployment

constructing a novel data structure called the vertex-induced Problem exists only if suf cient number of robots are pretsen
tree and designing schemes to deploy over the nodes of this tree to complete the task. According to the famous Art Gallery
by means of distributed algorithms. The agents are assumed to Theorem [6],b%c guards are always suf cient and occasion-
gg"ﬁc";‘]‘r:gﬁgigo a local memory and their operation is partially gy necessary to guard a simply connected polygon with
y ' n vertices. Fisk's constructive proof of this theorem [7]
. INTRODUCTION provides an elegant way of nding the guard locations.
However, the construction relies on complete knowledge
f the environment and is contrary to the assumptions in
ur formulation of the problem. As we shall see later, the

Imagine an art gallery whose oor plan can be modele
as a nonconvex polygon. Now consider the problem o

nding the least number of stationary guards so that eac onservativeness of this assumption leads us to an algorith

point of the art gallery _is visible to at least one gu_ard. Athat in the worst case requirég ¢ robots as againdic
stationary guard, here, is a xed point that can see in every A

direction or equivalently, has omnidirectional vision. €Th .
assumption here is that guards cannot see through the walls
of the environment. This is the statement of the classical Ar
Gallery Problem. We can also think of this problem as that
of illuminating a polygonal environment with point lights;
see Fig. 1 for a graphical illustration of the objective.

Inspired by this and other "illumination problem” (see
the beautiful survey [1]), we pose the following problem.
Imagine a group of mobile robots, modeled as point masses,
in a nonconvex polygonal environment. Each robot has
omnidirectional vision and also has line-of-sight wirales Fi9. 1. A nonconvex polygon shaped like a typical oor plahetsolid

. . . . circles represent the locations géiardswith omnidirectional vision. Note

communication capabilities. The problem then is to desigiat each portion of the environment is visible to at least guard. Every
a distributed algorithm, copies of which run will run oncolored subset is a star-shaped polygon visible from thedglezated in
each robot and drive them to locations such that each poifi interior of the polygon.

of the environment is visible to at least one robot. The We now present a summary of our approach and contribu-
algorithm is distributed in the sense that it depends only on P y bp

information obtained from local sensing and communicatior%'on' In what fOHOWS‘. we s_haII use_the term agents to refer to

robots or guards. First, given a simple nonconvex polygonal
We also assume that the robots operate aSynChronOUSIy'erﬁ‘vironment and one of its vertices, we describe a procedure
what follows, we shall refer to this problem as thisibility- ' P

based deployment problem to incrementally partition the environment into star-sédp

This problem is related to many surveillance and pursuiEOIygonS' This induces a new graph, associated to the

. . . honconvex polygon and to the given vertex, called the vertex
evasion problems in unknown environments. Some related’ POlyg 9

. . L induced tree; each star-shaped polygon is a node and an edge
Worksllnclude [2] where an mcremen.tallheunstlc for deploy ists between two nodes if and only if the corresponding
ment Is proposed (no formal analysis is presented) and.[grar-shaped polygons share an edge. Second, we design local
in which the rellevance of far?dom Wa.lk on graphs 'S dISﬁavigation algorithms to move between neighboring nodes of
cussed (the environment and its graphical representat®n

S . ne vertex-induced tree. Third, we present asynchronods an
assumed known a priori, general strategies are evaluated Vi

Monte Carlo simulation). In addition, the proposed work is stributed global algorithms _for multiple agents to deplo
over the nodes of the vertex-induced tree, and thereby solve
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BROADCAST(i; M ;) BROADCAST;(i; M i)

T+ it l
‘ Tll*l

two pointsx;y 2 R2?, we let [x;y] represent theclosed
segmentbetweenx andy. Similarly, (X;y) represents the

open segmenbetweenx andy, [X;y) represents the set Tie

(x;y) [f xg and(x;y] represents the séx;y) [f yg. Given T @ L

a nite set X, let jXj represent the cardinality of the set. i i
Now let us turn our attention to the polygonal environ- PROCESS MOVE

ment. LetQ be a polygon, possibly nonconvex. A polygon

is said to be simple if it does not contain any hole. Let LISTEN

Ve(Q) = (vy;:::;Vvn) be the list of vertices of) ordered
counterclockwise. A re ex vertex is a vertex @ where Fig. 2. Sequence of actions performed by an ageint between two

i i 0 i i wake-up instants. Note that a BROADCAGTM ;) is an instantaneous
the internal angle Is greater thm radians. A poingy 2 Q event taking place where there is a vertical pulse, wherb@$®ROCESS,

is visible fromp 2 Q if [p;q Q. The visibility polygon | STEN and MOVE actions take place over an interval. The MOKErval
S(p) Q froma pointp 2 Q is the set of points iIQ visible  might be empty if the agent does not move.

from p. Also, we shall usé to refer to tuples of elements in

fp;iiiipn g pi(t+ t)= p(t)+ uj; (1)

[I. NETWORK MODELING AND PROBLEM DESCRIPTION  Where the control is a function of the action that the agent
performs at time, the memoryM ;(t), and the information

In this section, we describe in detail the sensing and comdbtained from communication and sensing. Also, note that
munication capabilities that de ne a visually-guided agen this model of visually-guided agents is similar in spirit to
Each agent has a unique identier (UID),2 f 1;:::;Ng.  the partially asynchronous modelescribed in [8].
Furthermore, it is equipped with an omnldlrectlonal life-o  Having described the model, we are now in a position to
sight range sensor. Thus, agéribcated atp; can measure formally describe the visibility-based deployment prable
the relative position of any other agent or of a point on  Gjven a polygonal  environment Q, let
the environment boundary that lies in its visibility polygo pu(to);:::pn (to) 2 Q represent the initial
S(pi). An agent can also communicate with any other agent positions of an asynchronous network of
visible to it and at a distance less than the communication visually-guided agents as described in Section II.
radiusr; > 0. The communication is assumed to be UDP g visibility-based deployment problem is solved
based. Thus, the communication region can be denoted by it the agent dynamics dictated by a suitable control

Cp) = S(pi)\ By, (pi). We also assume here tiratcan be law as described in (1) causes the positions of
chosen freely by an agent but cannot exceed a certain upper e agents to converge to a S@t ()N
bound, sayR. Whenever agentcommunicates, it sends a with the property that[ N S(p) = Q for all
BROADCAST; (i; M ;) message containing its UID and (Priipn) 2 W.

the contents of its memory! ;. We assume here that there

is a variable but bounded time delay between sending and [ll. THE VERTEX-INDUCED TREE

receiving of messages. Let> 0 denote this upper bound. Let us start by describing a procedure to partitica
To any ageni, we associate a sequenfk')x of wake- simple polygonal environmen@, into star-shaped subsets.

up instants. LeTd = :::; T{' = to. The agent performs the To begin constructing this partition, we require a starting
following actions betweef andT,,, for anyl: vertex which we cals 2 Ve(Q). The procedure is as follows:
() BROADCAST(i; M i) at timest = T/ + k , where [[ety = sandX = Q
k 2 N[f Og, as long as the agent is not moving; - o
1: Compute the set of all vertices of visible fromv
(i I[‘_:_STTEN fo)r blroadcasts during the time interval 2: Let Pemp be the polygon de ned by the set of vertiges
1ol 1. 1 and insert it into the lisP
(iii) (;?;tér&l:li ;oﬂl;(lesl'rl;g:lnglt_zl PROCTESS sltil_tes)ln its Mem- | certy into another listN
) . . y b _J ' ' 4: Find all edges ofPimp that are diagonals oK and
i p
) lt\::OVEbdtu(rjlng (;he tlmte:[ mterva[;l;:@ | _I_"T' +,1+) !f insert them into lisG. We call these diagonals gaps
e robot decides not to move th&p, = T/+ |+ |. 5: for all gaps inG do
Remarks 2.1: (i) Note that the sequencg' is not 6: Find a vertexv® across the gap at a minimym
prespeci ed. Given any wake-up instafif, the next distance from the mid-point of the diagonal and from
wake-up mstanfrI+l is decided based upon the time which the complete gap is visible
the agent spends in each of the states in between ther:  Perform steps 1- 4 (wittv = v° and X being the
two wake-up instants. environment across the gap)
(i) An agent is capable of receiving broadcasts always s: end for

except when it is moving.
See Fig. 2 for a schematic illustration of the above schedul
Agentl in the MOVE state, is capable of movmg at any Recall that a partition of any seX is a collection of closed and
timet 2 [T/ + |+ I;T},,) according to the following connected subsex; with mutually disjoint interiors such tha¢ = [ ; X ;.

gee Fig. 3 (left) for a graphical description of the algarith



In the procedure just describdd,is the list comprising of  (ii) no two nodes sharing an edge are visible to each other;
star-shaped polygons composing the partition Binés the (i) jNq(s)j 5 wheren = jVe(Q)j.
list of kerne¥ points of the star-shaped polygons. In other
words, if P; be theith element ofP, all points of P; are IV. DEPLOYMENT ALGORITHMS
visible from the vertexN;. Henceforth, giverQ and a vertex
s 2 Q, we shall refer to this partition aBq(s) and to the
list N asNg(s). Finally, we refer toPq(s) as thevertex-
induced partition

In this section, we present algorithms to solve a relaxed
version of the visibility-based deployment problem. The
additional assumptions we make here are that the agents
have memory and that the initial positions of all the agents
are the same. We also assume here that the environment has
no holes. These algorithms are a result of local navigation
algorithms and global deployment schemes.

A. Local navigation algorithms

Here we design algorithms to plan paths between neigh-
boring nodes of the vertex-induced tree. Let us rst state
a lemma which characterizes the shortest path between any
two neighboring nodes.

Lemma 4.1:Given a simple polygonQ without holes

Fig. 3. The gure on the left shows the incremental way in Whichand any vertexs 2 Ve(q)’ let NQ(s)i;NQ(S)i represent

the vertex-induced partition is constructed. Startingrfrtne vertexs, the ~ IWO nheighboring nodes of the vertex-induced ti@g(s).
polygon de ned by all the vertices visible from is constructed. This is Let [V&v% = Pg(s)i \ P o(s); where v%v® 2 Ve(Q)

represented by the dark shaded polygon. The thick edgesisopttlygon 0 00 )
are diagonalsd® and d°© of the environmenty® and v are vertices of and v® 6 v Then the shortest path betwediy(s);

the environment on the other side of the diagonals at a minimstante  @Nd Ng(s); is given by the shorter of the two paths,
from the mid-point of the diagonals. The lighter shaded pohmare the [N q(S)i; VY[ [V% Nq(s);j] and[Nq(s)i; Vo[ [VO N4(s); ]-

sets of vertices visible fron® andv®on the other side ofi® andd® This i ;
procedure is repeated until the entire environment is ardd. The gure Any node of the vertex-induced tree has nelghbors of

on the right shows the partition. The vertex-induced tresiss shown. The POSSibly two types: parent or child. The following is an

solid circles represent the vertices of the tree and theedbshes represent  informal description of the MOVE-TO-PARENT routine to
the edges. The root of the tree is denoted by the vestex travel from a node to its parent:

As an outcome of the algorithn® is the list of star- | MOVE-TO-PARENT
shaped polygons which partitioQ. In addition, all points | ;. compute the shortest path between the node and the

of P; are visible from the verteXN;. With some abuse of parent based on Lemma 4.1
notation, henceforth, giveQ and a vertexs 2 Q, we shall | ,. 45 to the re ex vertex which is a part of the shortest
refer to this partition aPq (s) and to the node list &l (s). path

Finally, we refer toPq(s) as thevertex-induced partition | 5. from the nonconvex vertex, go to the vertex represent-
The following lemma summarizes the important properties ing the parent node

of the vertex-induced partition.
Lemma 3.1:Given a simple polygo® without holes and Next, we present an informal description of the MOVE-TO-
any vertexs 2 Ve(Q), the following are true: CHILD routine to travel from a node to a child.
(i) Po(s)i is a star-shaped polygon for afl and —
(i) for any pi 2 N (s), we have thaPq(s)i  S(pi). MOVE-TO-CHILD
We now de ne a graph using this partition. We assume 1 compute the mid-point of the gap between the node

that the reader is familiar with standard notions of graph  @nd the child

theory. 2: go to the mid-point
De nition 3.2: Given a simple polygorQ and a vertex | 3 compute the nearest vertex from which the entire|gap
s 2 Ve(Q), thevertex-induced tre€ (s), is the graph such is visible and which is across the gap

that the vertex list is\ o (s) and an edge exists between any 4 90 10 that vertex

two verticesN;;N; 2 Nq(s) if and only if there exists a

segmentx;y] = P; \ P ; with x;y distinct.

Note that by virtue of the construction of the vertex-indiice

tree, any segmerfix;y] = P;\P ; is such thak;y 2 Ve(Q),

or in other words|x;y] is a diagonal ofQ. Note also that

N1 = s. We refer tos as the root ofx, (s). Some important

properties of the vertex-induced tree are as follows.
Lemma 3.3:Given a simple polygorQ and any vertex

s 2 Ve(Q), the following statements are true:

(i) the graphGq(s) is a rooted tree;

The formal descriptions of these routines appear in Talbles |
and Il in the Appendix. See Fig. 4 for a graphical illustoati

of the paths between nodes and the respective parents and
children.

Note that the algorithms described in this section require
the knowledge of the relative locations of the parpgent
and the verticess% v de ning the gap between the node
and its parent, or the gap between the node and a child. All
this information is obtained using local sensing and commu-
nication. This distributed information processing capgbi

YThe kernel of a star-shaped polygon is the set of points frarichvthe 1S IN-bulilt into the global deployment schemes described in
entire polygon is visible. the following section.



(iii) The list buffer-uid
numbers.

(iv) The list buffer-memory
of the typeM .

We are now in a position to formally describe the various
actions performed by an agent in between two wake-up
instants; see Table I. Note that the depth- rst and randethiz
deployment routines are invoked during PROCESS.

i whose elements are natural

i whose elements are lists

Fig. 4. The gure on the left shows the planned paths from sadetheir
parent in the vertex-induced tree. The gure on the rightvehthe planned
paths from nodes to their respective children in the veiteced tree.

TABLE |
DESCRIPTION OF VARIOUS ACTIONS TO DEPLOY OVER NODES O&q (S)

Assumes: pi1(to) = ::: = pn (to) = s2 Ve(Q)

B. Global deployment schemes

Note that by virtue of the construction in Section Ill and
the methods to navigate between one node of the verts
induced tree to a neighboring node, we have converted t
original problem into a problem of deployment over a graph

1) Deploying over the vertex-induced trelex this section,
we design algorithms for multiple agents to deploy over the1: BROADCAST (i; M i (1))
nodes of the vertex-induced tree under the assumption th&fSTEN )
all agents are initially located at the root of the tree. We 5. {1 arondy exiske ioutar-uid. < then
present two deployment algorithms. It must be noted that3: Swap oldeM ; (9 in buffer-memory
these algorithms may not be optimal in terms of performang

0: Assumek s.t.Nyg = pj

0: buffer-uid i = ;; buffer-memory
; M i(to) = fpi(to);pi(to)y

K : move-decision :sstay

Eny agenti, executes the following actions according to the schedu
Section |l at any timé& between any two wake up instants:

SPEAK

i with newerM j (t

)
et else

. . - Lo 1, 5: Appendj to buffer-uid
measures such as_r(_eq_u_lred time. Our main aim is to provide. AppendM | (t ) to buffer-memory |
a solution to the visibility-based deployment problem.-Per 7: end if
formance issues will be the subject of future research. PROCESS

1: run Depth- rst or Randomized deployment

MOVE

1: switch move-decision

2: casestay : Stay atNy

3: caseto-child : buffer-uid

run MOVE-TO-CHILDM i (t))
caseto-parent : buffer-uid

i run MOVE-TO-PARENTWM (1))

5: end switch

Let us rstinformally describe the deployment algorithms,

Each agent repeatedly performs the following tasks
whenever it is located at a node of the vertex-
induced tree:
(i) Find the maximum UID among all agents
located at the same node; (ii) If this UID is less
than its own UID, then stay else move; (iii) If the
decision is to move then decide upon the next node
to be visited and move to it. The following lemma characterizes the set of agents whose
To decide upon the next node to be visited, two differerfff€SSages are present in the buffer of any given agent.
methods are described: (i) depth-rst deployment, and (i) Lémma 4.2:For any agenti at any time t, if
randomized deployment. The essential difference betwedtffer-uid i & ;, thenpi(t) 2 No(s) and there exists
the two methods is that in the depth- rst deployment, thetnexi With 0 such thatp (t ;) = pi(t) for all
node to be visited is decided in a deterministic way whilé 2 buffer-uid ;.
in the randomized deployment the decision is random. We /N what follows we shall refer to the depth-rst deploy-

formally describe the depth- rst and randomized deploymer€nt routine together with the local navigation algorithoys
routines in Table IV in the Appendix. Agrg. Similarly we shall uséAq to refer to the randomized

To ensure that suf cient information is present to imple-déployment routine. The following lemma captures the fact

ment the algorithms, we propose the following communicahat in the algorithm#\ 4q andAq, there is always enough
tion region and memory for ageit See also Lemmas 4.2 information to successfully execute the depth- rst and-ran

i = ;; buffer-message ; =

4: i = ;; buffer-message ; =

]

and 4.3.

(i) The communication region specied by(p;)
S(pi) \ By (r), wherer min f R; % minfk p
vk; v 2 Ve(S(pi))gg, if pi 2 Ve(Q). This ensures that
communication broadcasts reach only agents located
the same node &s

(i) The memoryM i (t) = f Ppareni Prast V% vOY comprising
of four points inQ. The four points refer to the relative

locations of the parent node, the last way point (a noddiil) [M (t

or mid-point of a gap), the two vertices de ning the
gap between the current node and the parent. We |
M i (t)k refer to thekth element of the list.

domized deployment algorithms.

Lemma 4.3:For any agenti, let p;(t) represent the posi-
tion of the agent at any time2 T', sayt = T,|. Then the
following statements are true:

afi) pi(t) 2Nq(s), saypi(t) = No(s);

@iy Mt 1)1 represents the location of the parent of
No(s)k, say Ng(s);, wherel = max(fj j j 2
buffer-uid  ;g;i);

N3 Mi(t 1)al = Nq(s)k\N o(s);j, where

| is as de ned above;
div) Mi(t)2 2 Ng(s)k\N o(s); whereNg(s); is the last
node of Gy (S) occupied by ageni



2) Convergence analysisin this section, we analyze the roots and the vertex-induced tre@;(s) are as shown
the convergence properties of the algorithms described in Fig. 3 (right). Note thaf) is chosen to represent a typical
Section IV-B. We also give an upper bound on the time tooor plan. Figs. 5 and 6 show results for the algorithms

completion of the task. Agiq and A4 respectively. The nodes of the vertex-induced
Theorem 4.4 (Depth- rst deploymentisiven a simple tree of the environment in the simulations are precisely the
polygonQ, let p1(to) = ::: = pn (to) = s 2 Ve(Q), be the locations where the agents in Fig. 5 are located at the end

initial positions of an asynchronous network [éf visually-  of the simulation. In Fig. 6, there are more agents than the
guided agents as described in Section Il. Let the behavioumber of nodes in the vertex-induced tree. Hence, the extra
of the agents be governed by the algoritligg. Then the agents keep exploring the graph without coming to rest.
following are true:
(i) there exists a nite timety, after which there is at
least one agent ominfjN ¢ (s)j; N g nodes ofGg (s);
(i) if N 3, then the visibility-based deployment prob-
lem is solved in nite time.
We now present a run-time analysisAfy. But before that,

let us introduce some notation regarding the lengths ofspath ﬂ‘ J_L
between two nodes of the vertex-induced tree. Note from j j
Fig. 4 the path from a node to its parent is shorter than the T ﬂ T lﬂ

path from the parent to the node.
De nition 4.5: Given a simple polygonal environme€,

we de ne the following: o5 From left to riaht and ) wtion of »
) ig. 5. From left to right and top to bottom, evolution of a nel
() Lwa(Gg(s))i, the length of the path from a node tojmplementing the algorithm 4g; see Table IV. The number of vertices of

the child which are part of the edge the environment i1 = 46 and the number of agents i = 13 < b%c.
(ii) wad(GQ(S))i the Iength of the path from a node to Each point of the environment is visible at the end of the sitiata
its parent which are part of the edge

(iii) tge forward length of the grapl (s), Lwd(Gq(s)) =
IB{LQ(S)J " Liwa(G(9):; i‘ J & J ﬂ‘ J

(iv) the backward, length of the graphGq(s) j j j
Lowa(Go(8) = 122 * Lowa(Go(9)):- T‘ ﬁ T ﬁ ) T‘ jr

Proposition 4.6 (Run-time analysis)f there exist bounds

max and max such that ; max and | max for all ﬂ‘ Eﬂi ﬂ' J ﬂ‘ J

i 2fl:::;Ngandl 2 N[f Og, thentyy T motion +

Tcomm/sens/pro'cWhere j,_‘—r j“ jT :‘F j"‘—r Tﬂ‘
Tooion 2 Lina(Go () + Loua(Go (5))

minfL wa(Go (s))i ji2f1;:::; iNg(s)j 1gg ;
Teommisensiproc 2( max + max ) (INq(s)j 1)

Fig. 6. From left to right and top to bottom, evolution of a netkw
implementing the algorithn#\ ;4; see Table IV. The number of vertices of

. . . the environment is = 46 and the number of agenté = 15 < b%c. The
andv is the speed with which the agents move. Moreovelertex-induced tree hak3 nodes, so the extra agents continue to explore

asN andjVe(Q)j! +1 , if the diameter ofQ is bounded, the vertex-induced tree. Each point of the environment iibleisat the end
thentdfd 2 (min fN; J Ve(Q)jg). of the simulation.

In other words, in the worst case, the run-time is uni-

formly upper and lower bounded by constant multiples of V. CONCLUSIONS

minfN; j Ve(Q)jg. In this paper, we introduce the visibility-based deploytmen
Theorem 4.7 (Randomized deploymer@jven a simple problem and provide a solution to it under the assumption
polygonQ, let py(to) = ::: = pn (to) = s 2 Ve(Q), be the  that all agents are initially collocated. This problem issaly
initial positions of an asynchronous network Wf visually-  related to the classical Art Gallery Problem. We introduce a
guided agents as described in Section Il. Let the behaViﬂéW graph to represent a given simple polygonal environment
of the agents be governed by the algorithqy. Then the called the vertex-induced tree. We then demonstrate that
following are true: with limited memory and based on information obtained
(i) with high probability in nite time, there is at least one through line-of-sight sensing and communication, muitipl
agent onminfjN o (s)j; N g nodes ofGy (s); agents operating asynchronously can deploy over the nodes
(i) if N 3, then the visibility-based deployment prob-of this tree. Note that once the visibility-based deploymen
lem is solved in nite time with high probability. problem is solved and visibility information from all the
nodes is fused, the task of building a map of the environment
or planning a path between two points of the environment
In this section we present simulation results for the albecomes trivial. Other possible extensions of this work
gorithms, A4q and Aq, described earlier. The algorithmsinclude the design of algorithms that are guaranteed to work
have been implemented IMATLAB The environmentQ, even if the agents do not start at the same location. Another

C. Simulations



direction is to investigate the algorithms for robustness t
agent arrivals and failures. TABLE Il
MOVE-TO-CHILD

Name: MOVE-TO-CHILD (f ppareni Plast; V% V%)
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TABLE IV
VII. A PPENDIX DEPLOYMENT ALGORITHMS
A. Local navigation algorithms
The MOVE-TO-PARENT and MOVE-TO-CHILD algo- | 1! =maxfjjj 2 bufferuid g
. - . . 2:if I<i then
rithms are described in Tables Il and Ill respectively. 3 retum: stay
4: end if
TABLE I 5:Mi(t) = M (t )k fork2f1;3;4g
MOVE-TO-PARENT 6: if M i (t)j =2 then ' N
7: Compute polygorX de ned by the set of vertices of visible
from p;
Name:  MOVE-TO-PARENT { pparen Piasi V% vO%) 8 else
Goal: Go from nodeNq (s)i to its parent, 9:  Compute polygorX de ned by the set of vertices of visible
S_ay’(\)lQo(s)j from p; which arenot across the gafl i (t)3; M ; (t)4]
Assumes:  ()[v% V% = Pq(s)i \P o(s);, 10: end if
(i) pparent= N g (8); - 11: Compute the list of gaps oK excluding [M i(t)z;M (t)4],
) __ say f[v0;vP;:::;[v0 ;v]g such that the list of verticg
1 Prast:= No (S); Fpriv0 ;v s vO vBog S ordered counter-clockwise
2: p:= Ng(9)i PV Vi s ViR o Vi 9 u )
3: Compute shortest path fromto Nq (s)j, say[p; V][ [V;Nq(s)j] Depth- rst deployment Randomized deployment
wherev is eitherv® or vo° T.if k = 0 or M (D)2 2
4: while p & Ng(s); do v? vl and M i (t)j >
5. if past& Vv then 2) then
6: Compute shortest path  from P to o0 Nq(s)j, say 2 return: to-parent 1: Generate a random number,
[p:VI[ [viNgq (s)j] wherev is eitherv® or v 3: else saya (uniformly distributed
7: u= ms;‘j‘xi"ﬁ("m(v p) 4 Mi(t)=pi over the interva[0; 1])
8: if u=0 then 5 it o M) 2 2: Leta 2 [T; ™) where
9: Plast = V [Mi(t)s; M (t)a] m2f0;::;k  1g
10: end if ) then _ 0. 3 if [Viom ;vioo] =
11:  else e ok 6 M i(t)s PRI [M i (t)3iM i (1)a] then
12: u= MCsma KMo ()i PR (N o(s),  p) M i(t)a = v 4:  return: to-parent
- kN g (s); pk 7. else 5: else
13: endif 8- if M :
14: = p+u : | i(1)2 2 6: Mi(t)1=pi
p=p [v® ;v9 ] then 7 M (t = o .
15: end while ) oA 0 ’ (s 00 Vim ®
16: return : f ppareni Prast V% VoY o: Mi(t)s = vi . M i(t)a = v
M i(t)a = v®O 8: retumn: to-child
10:  end if 9: end if
_ i i 11:  endif
B. Depth- rst and randomized deployment algorithms 12 return: to-child
13: end if




