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Scalable robotic coordination and nonsmooth
dynamical systems

Basic behaviors
\move away from closest"
\move towards furthest"

Conjectures: critical points? stop? optimize? local minima? equidistant?



Outline

(i) graphical proof

(i) geometricnonsmath tools
(i) 1-center problems

(iv) multi-center problems
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1-center optimization problems

smg(p) = minfkp okj g2 @g

Igo(p) = maxtkp okj q2 @g

\move away from closestedge” convergego incenterof Q = argmaxsmg

\move toward furthest vertex” convergedo circumcenterof Q = argmin Igg

Geometric\p roof"
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Multi-center optimization problems:
cost functions for sphere packing and disk covering

Hsp(P) = minimum% distancebetweensitesand to wall
=min zkpi pki i6j2f1:::;ng = min smy, p)(pi)
Hpoc(P) = maximumdistancebetweensitesand Q
= max minfkq pikj 12f1;:::;ngg = max gy, (py(Pi)
92Q i !
\move away from closest" \move towards furthest"

\move toward incenter" \move toward circumcenter"




Aggregate/net work performance measures

Locational optimization
h i
rr;)in H(P;V) = n;in E minkg pk
|

Locational optimization| worst casescenalo
h i

. A = i K |
rr;)mHDC(P,V) mplnr(?z%x minkg P

Locational optimization| non-interferencescenaio

/) — in lin .
mngHSp(P,V) = mPaxriréljn >Kpi  pik

top-down: from costfunction to gradientdescent

bottom-up: given ow, doesit optimize someappopriate cost?




Nonsmooth analysis

Clarke, Paden, Sastry, Shewitz, Bacciotti, Ceragioli

(i) Take locally Lipschitzand regula (LL&R) mapf : RN | R.

(i) Rademacher's’heaem: LL functionsare di erentiable a.e.
n 0

@ (x) = co iIlng d(Xi)j xi! x;xij62 [ S
(i) UsefulTheaem: f (x) = minff1(x);:::;fm(X)q,
@ (x) = cof @;(x) ] I activeat xg

(iv) Ln = leastnorm operata

(v) If Xo extremumfor f, then02 @ (Xo)
If 062@ (Xo), then

f (Xo Ln[@ [(X0)) T (Xo) §k|—n[@](><o)k2

f(xo+ Ln[@](X0)) f(xo)+ Ek Ln[@ 1(xo0)k*



Filipp ov solutions and set-valued Lie derivatives for inclusions

() x 2 X(x) with X measurableand essentiallylocally bounded

(i) Filippov solutionis absolutelycontinuousfunctiont 2 [tg;t1] 7! x(t) s.t.

n 0
X 2 K[X](x) = co _Iilm X(Xi)] xi! X; X 625
I

(i) set-valuedLie derivative (closedboundedinterval)
Exf(x)=fa2 Rj 9v2 K[X](x)st. v=a;8 2 @(xX)g

(iv) UsefulTheaem: A LL&R functionf : RN | R alongthe Filippov
solutiont 7! x(t) of di erential inclusionX satises:t 7! f (x(t)) is
di erentiable a.e. and

S 0x) 2 B (x(1)



Nonsmooth LaSalle Invariance Principle for di erential inclusions

If f *( f(xo)) boundedand max®x f (x) 0

X (xo) ! largestweaklyinvariantin x 2 f 1( f(Xq))j 02 IExf (x)

A)

Comments:

(1) weaklyinvariant = thereis a solutioninsideset
strongly invariant = all solutionsinsideset

(i) maxIe f(x) 0 or empty
(i) connectedcomponentof f 1( f (X)) containingxg

(iv) e.g.,nonsmath gradient ow X = Ln[@ ](x) convergedo critical set



1-center optimization problems { revisited
SMo;lgg: Q! R are LL&R and

@mg (p) = cofvers(p €)j eactivey
@go(p) = cofversp v)j v activey

+ gradient ow for smg

\move toward furthest vertex" = gradient ow for Ig,

Analytic proof: By LaSalle,gradientdescentconvergego IC; CC because:

02 @mg(p) () P2 I1C(Q)
02 @go(P) () p= CC(Q)

uniqueincenterand convergencen nite time if 02 int(@gg),
02 int(@mg)



Distributed gradients for min/max network optimization

perfaomance/penalty of ith agent:
fi = fi(xi;Nj)

maxy f (X) = maxy min; f;(x) or miny f (x) = miny max; f;(x)

Generalized gradient descent: x = Ln[@ ](x)
However,only active X; moveand only active x; reachoptimum
Needto know who are active at all times: compaison must be perfamed
Hence,centralized solutionwith local critical points (saddlepoints)

Distributed generalized gradient descent: X; = Ln[@, fi](X;)
Needto shov: Ln[@] Ln[@, fi](X;) signde nite (fewer/no saddlepoints)



Multi-center problems revisited

RewriteHsp(P) = min; F;(P) andHpc(P) = max; G;(P)

Fi(P) = smy,p)(pi) Gi(P) = gy, p)(pi)

Befae smgp andlgy LL&R. Now, dependence on region makesanalysis
much more involved

UsefulTheaem: FunctionsG; andF; : Q! R are LL&R
As a consequencehoth Hgp andHpc are LL&R.

Moreover,closed-fom expessionfor @H sp and @Hpc asconvex
combinationsof @ (P) and @5 (P)



Computation of @s;(P) and @;(P) is challenging

@i (P) = co @G;(P) 2 (R®)" jv 2 Ve(V,(P)) suchthat G;(P) = kpi vk

whereif vertexv is nondegenerate

@i «)Gi(P) = @«:ij yGKk(P) = @Q(«:i)Gj(P) =

(O;:::;l(i;j;k)\ﬁrs(pi v;;:::; (j;k;i)vgrs(pj v;;:::;l(k;i;j)v{%rs(pk V;;:::

| {

ith place j th place kth place

@e:ij yGi(P) = @e;:i)Gj (P)

= (0;:::;I (e;i;j)\grs(pi v;;:::;I (e;j;i)v{ezrs(pj v};:::;O)
ith place | th place
@e:riyGi(P) = (O;:::;O;Yers(&- v};O;:::;O):

ith place



Yy

P P

proje(p;  Vv(esisj)) = (esisj) proje(py  pi)

If vertexv is degenerate (i.e., determinedby d > 3 elements-generatos or edges),

then there are d21 pairs of elementsdeterminingv togetherwith the generato p;.

@Gi(P)=co @¢. .)Gi(P)J 8( ; ; ) determiningv

(i) Analogousexpessionfor @;(P)

(i) Note relationwith @smy, (p;) and @gy. (pi) at xed V,



Critical points

@pc(P) = cof@i(P)ji21(P)g
@sp(P) = cof@i(P) ] i 21(P)g

If 02 int @Hpc(P), then P is a strict local minimum, all generatos
havesamecost, and P is a circumcenter Voronoi con guration

If 02 int @sp(P), then P is a strict local maximum, all generatos
havesamecost, and P is a generic



Dynamical systems -revisited

Nonsmooth gradient descent

R= Ln(@pc)(P) o p= i(Ln(@Hpc)(p1;:::;pn))
P=+Ln(@sp)(P) o  p=+ i(Ln(@Isp)(P1;:i:;pPn))

of critical points of Hpc, respectivelyH sp.

Implementationis centralized:

() all Gj(P), Fi(P) needto be compaed in order to determinewhich
generato Is active.

(i) Ln(@Hpc)(P), Ln(@Hsp)(P) dependon the relative position of the
active generatos with respect to eachother and to the environment



Nonsmooth dynamical systems based on distributed gradients

p= Ln(@yy,p))(P) (at xed V)

Vecta elds are discontinuous Filippov solutions
GivenP 2 Q", solutionsof dynamicalsystemsstarting at P are unique

Relationwith behaviag-basedrobotics
() \move toward the furthest vertex in own Voronoi cell"

(i) \ in own Voronoi cell"

Generatos' location P convergesaasymptoticallyto largestweakly invariant
setin closureof

Apc(Q)=fP2Q"ji21(P)) pi= CC(Vi)g



Dynamical systems based on geometric centering

pi= CC(Vi) pi

Circumcentervecta eld is continuous.Incenterdi erential inclusion:
existenceof solutionscan be established

Q" is invariant for both vecta elds

P convergesasymptoticallyto largestweaklyinvariant setin closureof

Apc(Q)=fP 2Q"ji21(P)) pi= CC(Vi)g




Geometric and nonsmooth anal ysis of multi-center cost functions
Hc Hpc Hsp
Definition E [min d(q; pi)] rqnzaéfmin d(g; pi)g riréi? %d(pi s Py );d(pi; @Q)
smoothness cl regular, globally Lipschitz regular, globally Lipschitz
critical pts | Centroidal Voronoi conf | Circumcenter Voronoi conf Incenter Voronoi conf
heuristic expected distortion disk covering sphere packing

Pr oper ties of dynamical

systems based on geometric

centering

and nonsmooth gradient

p= Ln[@gy, (p)I(P) pi = Ln[@my, (p)l(P) | pi = CM(Vi(P)) pi pi = CC(Vi(P)) pi pi 2 IC(Vi(P)) pi
smoothness discontinuous discontinuous co co upper semicontinuous
distributed Voronoi neighbors closest neighbors Voronoi neighbors Voronoi neighbors Voronoi neighbors
chara cter

critical  pts

Circumcenter Voronoi conf

Incenter Voronoi conf

Centroidal Voronoi conf

Circumcenter Voronoi conf

Incenter Voronoi conf

behavior

of own Voronoi cell

of own Voronoi cell

of own Voronoi cell

of own Voronoi cell

Lyapunov f. Hpc Hsp Hc Hpc Hsp

heuristic \move toward furthest \move away from \move toward \move toward circumcenter | \move toward incenter
vertex of own cell” closest neighbor" centroid of own cell” of own cell" set of own cell"

asymptotic Active tend to circumcenter | Active tend to incenter | All tend to centroid Active tend to circumcenter | Active tend to incenter

of own Voronoi cell




